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Introduction. The Knizhnik-Zamolodchikov-Bernard connection ( |]23| , ^, ^) 
can be viewed as a fiat connection over tlie complement det* ^ of tlie zero-section 
in tlie total space of the determinant line bundle over the moduli space Aig^u-i'^ of 
genus g curves with u marked points and tangent vectors (@]). Projectivization 
of this connection is the pull-back of a fiat projective connection on Aig^^-i'^- 

The aim of this paper is two-fold. We first construct a fiat version of the KZB 
connection over the moduli space Aig^u i'^, when u > 1 (we will set z/ = n + 1). We 
then give integral formulas for flat sections of this connection, using the functional 



parametrization of conformal blocks and the KZB connection introduced in |10 



Construction of a flat connection. More precisely, we consider the moduli space 
■^g,i°°,n-i2 of systems m = {X, Po,t, Pi,Vi) consisting of a curve X of genus g, a 
point Po, a jet of coordinate t at Pq, and n points Pi with tangent vectors Vi {i = 
1, . . . ,n). We associate to the data of a semisimple Lie algebra g, a representation 
V of the Kac-Moody loop algebra of g and irreducible representations Vi of g, 
the sheaf By,{v,) of coinvariants over J^g ^-i^. We denote by W°° the subspace 
i7,i°°,n-i2 formed of the systems m such that Pq is not a Weierstrass point of 
X. The main result of section |I| is the construction of a fiat connection V"^'*-^'-* on 
this sheaf, which is smooth over the complement of >V°° (Thm. |rT|). V^'^^'^ has 
a logarithmic singularity around W°°, which we compute in sect. |L^. Moreover, 
the projectivization of V"^'^^'^ is smooth and is isomorphic to the connection of 

The proof of these facts is contained in sect. y. Our main tool is a normalization 
of the Sugawara tensor (formula (^), which makes use of direct sum decomposi- 
tions of spaces of the formal functions and formal one-forms at a non- Weierstrass 



point of X (Lemma |LT 



We can therefore think that the curvature of V"^'^^*^ is a scalar delta-function 
concentrated on the Weierstrass locus >V°°. 

Functional parametrization o/ V"^'*-^'^ . Our next aim is to give explicit expressions 
for the flat sections of V'^'*-^'^ in the special case where g = sl2- For this, we use 
the functional parametrization of this connection that we introduced in our work 
[0. In sect. ^ we recall the main results of |TD| for the case. 
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Our work was inspired by HTS), where conformal blocks are parametrized 



by correlation functions of generating currents of the Lie subalgebra n+ ® C((t)) 
of 0, where n+ is the positive nilpotent subalgebra of q. In [|^, we consider 
twisted analogues of these correlation functions; this means that the nilpotent 
currents are multiplied by exponentials of elements of ^ C((t)), where i) is the 



Cartan subalgebra of q. This enabled us in |10| to construct a "functional" sheaf 



with flat connection V'^'^'t'^*' over a covering -^["^joo „.i2, and a morphism 
of sheaves with connections 

corr : (i3v,(y,), V^'^^'^) ^ (J-,,(a,), V^^-(^«)). 

We specialize V to an induced representation Y-ik and the to a lowest weight 
Verma module V-x- (see 



The fiber of J^i,(Ai) over a point of the moduli space is a space of functions 
/(Ai, . . . , \g\zi, . . . , zjy), defined on a subset of x (X — (J^^{Pq))'^ , satisfying 
regularity, symmetry and transformation properties (see sect. |3.3| ). Here a : X ^ 
X is the universal cover map of X, and N is given by 

i 

The connection V'^'^-''^^' is expressed by (20), (p|) and (22). In the case N = 0, 
the formula for V'^^'^'^»' is an analogue of the Lame equation. 

Connections on ^Ix- The expression of V'^'^-'"^'' involves a connection D^-^^ on the 
canonical bundle Qx on X, depending on A G C^, which is defined by the formula 

(D(^)a7)(z) = - hm,,^, {Gx{z, z'Mz') + Gx{z', z)u;{z)) , 

where G\{z, z') is the twisted Green function on X corresponding to A (see (11)). 

By a connection Vq on VLx-, we understand the data of a divisor D on X and 
a collection of compatible maps T{U,VLx) — > T{U,Vl'^{D)) for each open subset 
of X, satisfying the Leibniz rule. 

Any connection Vq on Vtx can be expressed in the form 

where ay is some form on the universal cover oi X — D. 

The aim of sect. ^ is to compute the form ay associated with the connection 
D^^\ This is done in Prop. |2.2|. 



Flat sections of ^£,(Ai) ■ As we have seen, to describe fiat connections of B^^(y^) is 
the same as 

(i) describing the fiat sections of J^e,{Ai), and 

(ii) characterizing the image of By^(^Vi) in 

In this paper, we only say some words about problem (ii) in the case of inte- 
grable modules (see Remark O). 
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We solve (i) completely in the case = (sections ^ and |^). Out main 



results are Thm. ^4.1| and Thm. |5.1| , where we show that flat sections correspond 
bijectively to solutions of a heat equation. This result is analogous to that of [1^ 
in the elliptic case = 1; it is also close to the formulas of Verlinde and Verlinde 
(0). Our formulas also involve functions a{m, Po,Vo) and P{m, Po,Vq) on the 



moduli space A1g_i2, which are determined by differential equations (Thm. 
Prop. |5.1| ). They are homogeneous of fixed degree in the variable Vq. Their exact 
meaning is unclear to us, but we propose conjectures about them in Remark |^. 

In the case iV > 0, we construct flat sections of J^e,{Ai) as integrals over twisted 
cycles over powers of X of the functions obtained in Thm. |5]2 (Thm. |6.1| ). Our 
main tool is the result that some fiat sections of ByxVi) can be constructed as inte- 
grals of fiat sections of BY,(Vi),V-2,...,V-2 (Prop. p.l\) . This result generalizes those of 
Cherednik ([|^) in the case of genus and Varchenko and the second author ([P^) 
in the case g = 1- (An abstract version of this result can also be found in the work 
[|]). We then obtain our expression of fiat sections of ^£,(a,) in Thm. ^A\ . This 
expression involves differential-evaluation operators $(a,)(wi, . . . , Wn\zi, 



L; • • • ; -^nj j 



which correspond to the insertion of a product 11^=1 fi^j) YYj=i ^i^j) in correla- 
tion functions (Lemma p.l\ ). It seems that comparing our formulas with explicit 
formulas in the case k = 1 would yield integral identities, as it was done in 



In section |6.2.2| , we write an example of our formulas for a simple case {g = 2). 

. Let us now say some words on the topological aspects of our work. 

Representations of the mapping class group. The following three types of rep- 
resentations of the mapping class group (MCG) are usually thought to be closely 
related: 



(a) in ||2T[], Kohno constructed projective representations of the MCG using 
braiding and fusing matrices of the genus zero KZ equations, and the method of 
Moore and Seiberg |^ for constructing such representations; 



(b) in |2^, Lyubashenko, relying on work of Reshetikhin-Turaev (|^), con- 
structed projective representations of the MCG using the representation theory 
of quantum groups at roots of unity; 

(c) the monodromy of the KZB connection also provides projective represen- 
tations of the MCG. 

The identification between representations of the MCG of (a) and (b) should 
follow from the identification of the fusing and braiding matrices, which can be 
checked in genera and 1. 

On the other hand, our integral formulas might serve to understand the connec- 
tion (b)-(c). This could be done using the geometric interpretation of quantum 
groups of p. The identification (b)-(c) would be an analogue of the Kazhdan- 
Lusztig equivalence in genus > 1 (||20[|). 

Extensions of the mapping class group. As we have seen, the KZB connection 
constructed in gives representations of 7ri(det* j,), which is an extension of the 
MCG. In [|TB1, Harer showed that the MCG is perfect and computed its universal 
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central extension (the central extensions of the MCG arising in natural projective 
representations were later computed by Masbaum and Roberts p5|). It is natural 
to believe that 7ri(det*j^) identifies with this universal central extension. 

On the other hand, if we denote by W*-^-* the subspace of A4g^,^.i2 formed of the 
moduli such that the first point is not Weierstrass, Thm. yields representations 
of 7ri{Mg,^.i2 - W^^)). 7ri{Mg,^.i2 - W^^)) is also an extension of MCG. 

Projectivizations of both representations yield coinciding representations of the 
MCG. It is therefore natural to think that 

(a) the fundamental groups 7ri(det* and vri(A^g ,^.i2 — W*^^-') coincide 
and 

(b) the representations of these groups provided by ^ and Thm. |1.1| coincide. 

. We would like to thank B. Feigin for discussions about this paper. The first 
author would also like to thank A.-S. Sznitman for invitations to the FIM (ETHZ) 
in 1998 and June 1999, as well as A. Alekseev for an invitation to ESI (Vienna) 
in August 1999, during which a part of this work was done. 

1. Flat version of the KZB connection and Weierstrass points 

Notation . For Pq a point of a curve X, and uj a formal differential at Pq, we 
denote by (cu) its residue respg{uj) at the point Pq. For ^ a vector and u;^^^ a 
quadratic differential at the neighborhood of Pq, we set {^,lu^'^^) = {^cu^'^^). In the 
same way, if / is a function at the neighborhood of Pq, we set (/, cj) = (fuj). If 
/ and u depend on variables z and t, we will write {f,uj)z for TeSz=Po[{foj){z,t)]. 

If a is a differential of order k at Pq and vq is a tangent vector at Pq, we denote 
by (a, Vq) the evaluation of vq on a. This expression is homogeneous of degree k 

in Vq. 

Finally, if a is a formal differential of order k at Pq, we define its valuation as 
the smallest integer k such that t^a is regular at Pq, where t is a local coordinate 
at Pq, and we denote it by val(Q;). 

1.1. Weierstrass points. Let X be a compact complex curve; let us denote its 
genus hj g. A point Pq of X is not a Weierstrass point if there are holomor- 
phic differentials on X with valuations 0, 1, ■ ■ ■ ,g — 1 at Pq; in other words, the 
Wronskian of holomorphic differentials does not vanish at Pq. 

Let Pq be an arbitrary point of X, and let t be a formal coordinate on X at 
Pq. Let R be the subring of C((t)), formed of the Laurent expansions at Pq of the 
functions on X regular outside Pq. Let fl""^^ be the subspace of C{{t))dt formed 
by the forms on X, regular outside Pq- 

Lemma 1.1. The following statements are equivalent: 

1) Pq is not a Weierstrass point of X. 

2) We have direct sum decompositions 

C{{t))dt = © {Ct-^dt © t^C[[t]]dt) (1) 
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and 

C((t))=i?©(©rJ_^Cf ©tC[[t]]). (2) 

Proof. Let us show the equivalence of 1) and decomposition (|1|). Let us study 
n (Ct-^dt + t3C[[t\]dt). Let uj belong to this intersection. Then oj has the 
expansion ti;_i)f:~"^(it+^j>^ Since resp(,(ci;) = 0, we have = 0. Therefore 

the valuation at Pq oiuis > g. It follows that n (0"^^ + t5C[[t]](it) consists 
of all regular forms on X whose valuation at Pq is > 0. This is zero iff Pq is not 
Weierstrass. 

Let us now show that (0) implies (0). We will first show that 

pn {®;LgCf ® tc[[t]]) = 0. 

Assume that this intersection is nonzero, and let be a nonzero function in this 
intersection. Let j be its valuation at Pq. j belongs to {—!,... ,—g}. Since Pq 
is Weierstrass, we have a holomorphic differential u on X with valuation at Pq 
equal to — Then (put is a holomorphic differential on X with nonzero residue 
at Po, a contradiction. It follows that R n (©rJ^^Ct^ © tC[[t]]) = 0. 

(D now follows from the facts that 11°"* and R on one side, and {Ct'^dt © t3C[[t]]dt) 
and ® t£.[[t\]) on the other side, are each other's annihilators for the 

residue pairing. □ 

1.2. "Weierstrass" normalization of the Sugawara tensor. The residue 
defines a nondegenerate pairing between C((t)) and C{(t))dt. Assume that Pq is 
not a Weierstrass point of X. As we have seen, the spaces R and fi""*, and 

(©"i.gCf ©tC[[t]]) and {Ct-'dt®t'C[[t]]dt) 

are annihilators of each other for this pairing. 
Let (ui) and (rj) be bases of 

(©ri.gCf © tC[[t]]) and {Ct-'dt © tsC[[t]]dt) , 

such that the sequences (val(rj))j and (val(a;j))i tend to infinity, and let (tu') and 
(r*) be the dual bases of and R. We have the equality (in C[[2;^^, ti'^^jjdti') 

6{z,w)dz = ''^^uj\z)ri{w) + LJi{z)r\w) , 

i i 

where S{z,w)dw = '^iQ^z^w~^~^dw. 

Let g be a semisimple Lie algebra with nondegenerate invariant bilinear form 
(, )g, and define g as the canonical central extension of g ® it is the direct 

sum g © C((t)) © CK, endowed with the Lie bracket such that K is central and 

[x © /, x' © /'] = [x, x'] © //' + {x, x%{dff')K. 

Let V be any g-module on which the Lie subalgebra g©C[[t]] acts locally finitely. 
We will denote by x[f] the element (x © /, 0) of g for x in g, / in C((t)). 
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Define, for ^ in C((i))|, 



^^[^1 = ^ E E (^"M^^hl + , (3) 

a i 

witli (a;°) an orthonormal basis of g and n = k + K^ , tlie dual Coxeter number 
of g. We call Tr[^] the normalized Sugawara tensor. 
Then we have, for any / in C((t)), 

[TR[ilx[f]] = -xUf)i (4) 

where ^(/) denotes the action of the vector field ^ on the function / (the product 
of a form uj and a vector ^, which is a function, is simply denoted ^o;; we have 
therefore = 

Define q{R) as image of (8) in £| by the map x ® f ^ this is a Lie 
subalgebra of g. 

One of the useful features of Tr[^] is: 

Lemma 1.2. If ^ is a vector field on X, regular outside Pq, Tfj[^ belongs to 
-q{R)Uq. 

Proof. The follows from the fact that ^a;* belongs to i?. □ 

1.2.1. Another expression of the normalized Sugawara tensor. Here and below, 
dz' denotes the partial exterior differentiation with respect to the variable z' . 

Lemma 1.3. Set 

Cj{z,z') = Y,^\z)dr,{z'). (5) 



Define Ti^{z) as 

1 



lim 

2k, z'^z 



^x''{z)x''{z') - k{^miQ)uj{z,z') 



Then the matrix elements ofTji[^] and {^,T^;j{z)) in any highest weight represen- 
tation of are well-defined and coincide. 

Proof. Set 

^(^) ^ x{z)z^nin = ^x[r']uji{z), x{z)z^nout = ^x[ri]u;'{z), 

i i i 

for (a*), (ej) dual bases of C{{t))dt and C((t)). We have 

a 

+ lim^/^^ y^^[x'^{z)z^aout,x°{z')] - k{dimQ)Lj{z, z'). 
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As the limit vanishes, we have 

zk ^ — ' 

a 

We have then 

a 

Ik ^ — ' 

i 

□ 

1.3. Vector fields on moduli spaces. Let g,n be integers > 0. Let 7Vlg,ioo,n i2 
be the space of isomorphism classes of systems 

m = (X,t,Pi,t;i, . . . ,Pn,Vn) 

of a genus g curve X, a marked point Pq with a coordinate t at Pq) and other 
marked points Pi, . . . , P„ distinct from Pq together with tangent vectors f i, . . . ,Vn 
at these points. We will denote A^^^ioo^o i^ simply as A^^ ioo; it is the space of 
isomorphism classes of pairs 

moo = {X:,t); 

A^g IOC can also be viewed as the space of subrings R of the Laurent series field 
C{{t)), such that R is isomorphic to a coordinate ring H^{X — {Pq}, Ox), with 
X a curve of genus and the inclusion R C C((t)) is the inclusion of R in the 
local field of X at Pq. 

In the same way, A^g,ioc „.i2 can be identified with the space of systems m = 
[P, Xi, • • • , Xn], where R C C((t)) is the same subring of C((t)) as above, and Xi 
are morphisms from R to C[ri] / [r]'^) . (Indeed, a morphism x from R to C[?7]/(r7^) 
is the same as the data of a pair (x, d^) of a morphism x from P to C and a map 
from P to C, such that d^{fg) = fd^{g) + d^{f)g; x corresponds to a point 
of Spec(P) and to a tangent vector at this point.) 

Define ,^ i-^ [^] as the map from C((t))| to Vect(A< „ioo„.i2), such that for ^ 
in C((t))^, the infinitesimal translate of [R,Xi, . . . , Xn] by [^] is [(1 + e^){R) C 
C((t)),xio(l-e0,... ,Xno(l-eO]. 

Proposition 1.1. |^, |19|, |2^j ^ h-h^ [,^] defines a Lie algebra morphism from 
C((t))| to Vect{M „ioo„.i2). Lei eVm be the evaluation of a vector field over 
M g,i°=,n i2 at the point m G A^g,ioo,n-i2- The kernel of ^ ^ ^^m{[C,]) is the space 
of vector fields ^, which admit a regular continuation to X — {Pq} and vanish to 
second order at the Pg- 

1.4. The flat connection (i3v,(y,), V^'^^^^). 
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1.4.1. The sheaf By ^(Vs)- Let M.g,i^^n be the space of isomorphism classes of sys- 
tems m = (X, t, Pg) of a genus g curve X, a point Pq on it, with a local coordinate 

and of n distinct points Pg, distinct from Pq- A^s, be viewed as the 

space of systems m = [R, Xs] of a subring R of C((t)) as above, and of a collection 

of n morphisms (xs)s=i n from i? to C. Let p be the morphism from C[ri]/{ri'^) 

to C, such that p{ri) = 0. We have a natural projection 712^1 from A^g,ioo,n-i2 to 

Mg^i'^^n, such that 712-^1 ([P,Xs]) = [R,poxs]- 

Say that a representation (pv, V) of g is of the class (C) if the following condi- 
tions are satisfied: 

1) for any v e V, there exists an integer n{v) such that if n > n{v), pv(0 <8) 
t^){v) = 0; (this implies that the components of the Sugawara tensor act as 
well-defined endomorphisms of V); 

2) let To be the zero-mode of the Sugawara tensor. For n and d integer numbers, 
let us set Y[n, d] = Ker(pv(To) - d) f] Ker(pv(/i[l]) - n); then V = ®n,dezV[n, d], 
and for any integer n, there is d{n) such that for d > d{n), Y[n, d] — 0. 

Modules of the class (C) contain both twisted Weyl modules over q and in- 
tegrable representation of g. Moreover, they are such that the positive Fourier 
modes of the Sugawara tensor act locally nilpotently. 

Fix a representation V of g of the class (C) and representations {ns^Vg) of 
0. We will assume that the Casimir element ^^(a^Q,)^ acts on as a scalar 
Asidvs (this is the case if the Vg are irreducible modules). We have an evaluation 
morphism evp^ from q{R) = q ^ R to q, defined as id (g) Xs- t^s ° ev^ defines then 
a 0(P)-module structure on Vg. We denote by Vg^^'' the resulting 0(i?)-module. 
Define By ^y^-^ as the sheaf over A^g,ioo,n, whose sections over an open subset U 
are maps up : U ^ V*, such that ip{'m) is g(P)-invariant for any m in U, where 
V = V® (®,W'^). 

Define By,{Vs) ^^e pull-back sheaf tt2^i{B^ ^-^ -j) of B^ ^y -j to A1g,ioo,„.i2. Local 
sections of this sheaf are maps ijj : [R.Xi- ■ ■ ■ , Xn] ^ [V ® ((S>sK)]*) such that for 
each t> G V, m I— > {ip{m),v) is smooth, and each ip^R, xi, ■ ■ ■ ,Xn]) is d{R)- 
invariant. Here Vg is endowed with the 0(i?)-module structure given by TTg o 
{idg ® {po Xg}) {idg (8) {p o Xs} is a map from q{R) — q <S> R to q, and TTg maps g 
to End(K)). 

1.4.2. The locus >V°° of Weierstrass points. Define W as the subset of Adg^i 
formed of the pairs (X, Pq) such that Pq is a Weierstrass point of X. 

Let -^^"12, resp. Ai^^l be the moduh space of systems {X, Po,vo, {Aa}) of a 
genus g curve with a marked point, a nonzero tangent vector at this point, and 
a system of a-cycles (resp. of systems {X, Pq, {Aa})). Let TTg^^^ be the natural 
projection from M^^l2 to M^^J^. 

The Wronskian of the Abehan differentials defines a function W{X, Pq, vq, {Aa}) 
on Al*^"]2- This function is homogeneous of degree siMlll in vq. 
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Then (7r^^i)"HW) is defined by the equation W{X, Po,Vo, {Aa}) = 0. It fol- 
lows that (7r2^i)^^(W) has codimension 1 in the smooth part of A1g"i2, and that 
yV has codimension 1 in the smooth part of A^^^i. 

We will define W°° as the preimage 7r^^(W) of W by the natural projection 
map TToo : A1g,i°°,n i2, such that 

7roo(X,t,Pi,Vi)^(X,Po). 

1.4.3. The connection V"^'^^^^. For x in Ug, we will denote by x^^^ the element 
7rv(a;) ® {^gidyj of End(V ® (®sVs)) and by x^^^ (sometimes x^^'^) the element 
idY (8) i^s'Ksidv^,) 7^Vs{x) ® {^s'>s'idv^,). 

Lemma 1.4. Form i— > ■0(m) a /ocaZ section ofBY,{Vs)) and ^ in C{{t))d/dt, the 
value at m of 

%z^(m)-^(m)oT^[e](°) 
belongs to (V*)^'-'^-' and only depends on the value at m of [^]. 

Proof. Let e be a variable such that = 0. Let us set i?^ = (1 + e^){R). Then 
Q{Re) = Ad(l - eT[^])[Q{R)]. It foUmows that %]^(m) - ^(m) o Tr[^](°) belongs 
to is 0(i?)-invariant. 

Let -R(Pj) be the subspace of R consisting of the functions vanishing at each Pg. 
Let 0(i?(p^)) be the image of g ® R{Ps) by the inclusion of g ® i? in g. Let us show 
that for ^ a vector field in C{(t))d/dt, with a regular prolongation to X — {Pq} 
and double zeroes at each Pg, Tr[^] belongs to g{R(p^))Ug. Let (''(p^)) be a basis 
of R{p^) and let (<^(p^)) be a basis of the space of forms fi(p^) on X, regular except 
at Po and the Ps, and with at most simple poles at the Pg. R{p^) and fl{p^) are 
the annihilators of each other by the residue pairing. We may therefore choose 
('^j;(Ps)) and (u;j.(p^)) in /C and Q so that (^(p^)! '"i;(Ps)) and (u;j.(p^); a;^p^^) are dual 
bases of /C and fl. As the C'-^(p^) and the r^p^^ belong to R{p^), 

a,i 

belongs to g(i?(p^))f/g. 

On the other hand, let t^(p^) and r'..^p^^ be lifts to ^(p*) and of dual bases 
of np^^/n"""* and R"^^ / Rp^y Tnli] - T'[i] is equal to 

This is proportional to X]i(^'^(Ps)^^i-{Ps))' '^bich is zero because the C'^(p^) be- 
long to It follows that Tr[^ is equal to T''[^], and therefore belongs to 
Q{R{Ps))UQ- 

For X in g(i?(p^)) and in V, ip{m){xv) vanishes, therefore ■0(m) o Tk[^]*^'^) 
vanishes if ^ belongs to the kernel of ^ i— > evTO([C])- This proves the Lemma. □ 
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It follows from Lemma |1.4| that the formula 

defines a connection V"^'*^^"^ over the restriction of By^^Vs) to A^g,io° — W°°. 
1.4.4. Flatness ofV'^'^^'l We will show: 

Theorem 1.1. V^'*^^'-' is aflat connection on the restriction ofBy^(y^) to Mg^iac — 
Proof. Let us compute the curvature of V'^'*^^*^ We have 

We may assume that and uji are independent of R. Then 

3 



and 



Then 



X 



On the other hand, since C,{t]uj) — vi^^) = ['C? v]^^ have 



It follows that 



+ a;"K]x"[r/(e^,)]} 



EE 
EE 



X 



X 



eH-E(^(^^)'^> 



x"[ec.,]}}. 
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For / in C((t)) and u in C{{t))dt, denote by fi^out) and /(i„), resp. uj^out) and u;(i„) 
the projections of / and u) on the first and second spaces of decompositions (H) 
and (p. -2fi:(V^/J=^ - [Vj'^^'\ Vj'^^"^])^ can then be expressed as 



which is equal to 



- x-[e{f/(r/a;0}(,„)]x-[r,] - x-[Mr^)}^,n)K[^uj,] . 

Write (6) in the form ip o a;°[ai]x"[6i])'^°\ So l^i 2;"[6j]a;°[ai] also be- 

longs to the completion of Uq with respect to the family of left ideals generated 
by the > A^. Let us show that 'Yli'^i ® h + h ® o,i = this identity is 

written as 

® {ii.ri)}{out) +r'® r]{d{iu}i)}i^out) (7) 

i 

+ ^{d{riuj')}^in) ®ri + {ri{ri)}(^in) ® + {z ^ w) = 0, 
which is proved as follows: for uj,uj' in C{{t))dt, 
(u; (g) w', Ihs of (7)) 

- {d{{^^}{out)),V^[out)) - {div^iout)), {^Uj'}(^out)) + {u} ^ u') = 0. 

(6) is then equal to | dimg ^^(daj, which is 
k \ 

-(dimg) 2_](rf(V), {^{ri)}(out)) + (vin), {d{^uJi)}(out)) 

i 

- {{d{v^l}(in),^{ri)) - ({r/(r^)}(,„),rf(ew,)), 
and is equal to zero. □ 

Remark 1. Descent to Aig,{n+i)-i2 ■ Let A^3,(„+i).i2 the the moduh space of sys- 
tems {X,t^^\Pi,Vi) of a curve of genus g, the jet to second order of a coordinate 
at a point Pq of X, and of n points Pj together with tangent vectors at these 
points. („+i).i2 can be identified with the moduli space of systems {X, Pi, Vi) 
of a genus g curve, n + 1 marked points and a tangent vector at these points, 
with t>o 7^ 0. Let 7r2, resp. 7roo,2 be the canonical projections from A1g,(n+i)-i2 to 
Mg^n, and from Mg^i^^n-i^ to A^g,(„+i).i2- 
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The map 71^0,2 has simply connected fibers, and maps >V°° to 7r^^(W). For any 
section a of 7Too,2, we may therefore consider the sheaf a*BY,{Vs) on M.g^i2] it is 
endowed, over A1g_(„_,_i).i2 — 7r^^(>V), with the flat connection a*V^'^^^\ For a' an- 
other section of 7^00,2-, the connections (a-*Bv,(y^), (7*V'^'f^")) and {(j'*ByxVs)^ cr'* V'^'^^''^) 
are isomorphic (the connection can be integrated from a{m) to a'{m) by ordered 
path exponentials because the positive Fourier modes of the Sugawara tensor act 
on V locally nilpotently). 

1.5. Behaviour around marked points. Recall that By,{Vs) is the pull-back 
sheaf 7r|^]^(;By (y,))' where 112^1 is the natural projection of A^^^ioo „,i2 on A1g,ioo,„. 
Let us study the variation of flat sections of V"^'^^'^ along the flbres of 7:2^1. 

Proposition 1.2. Let As be the value in Vg of the Casimir element ^^a;^- Let 
for A = (As) in (C^)", m 1— > m\ he the transformation of M.g^i^^n-i'^ associating 
to m — {X,t, Ps,Vs) , m\ = {X,t, Ps, XgVs) ■ Assume that m 1— > ip{m) is a flat 
section ofBY^Vs)- have (using the natural identification of the fibres of By,{Vs) 
at m and m\) 

TT — 

V'(^a) = _[_[ A/'''0(m). 

s 

Proof. Let be a vector field on X, regular on X — {Pq}, with expansion at Pt 
given by — SgtZtd/dzf -\- o{zt)d/dzt, where Zt is a local coordinate at Pt- Then 

On the other hand, since the tlj{m) o x°'[r'^^p^^]^^^ and tlj{m) o x°'[^s^^]^^^ vanish, 
V'(m) o rR[^,](°) is equal to 

/ X (0) 

\ a,i 

which is equal to 

t i a 

We may choose the bases {u'^p -j) and {r'-.^p ^) as follows: these bases are indexed 
by s in {1, . . . , n}, r'^.f^p^-^it) = dst, and '^(p^) has the expansion 

fly 

oo[U^t) ^ -Sst— + 0(1) 

near Pt. Therefore, ijj{m) o Tr[^s] is equal to ■^'i/^(m). Therefore, we get 

dipimx) As 
dXs |A=i 2k 

for each s = 1, . . . , n, which implies the Proposition. □ 
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1.6. Singularity around the locus of Weierstrass points. Let us analyze 
the restriction of cr*V'^'^^''^ to a fiber of the projection : A^g,(n+i)-i2 ■Mg,n-i^ 
such that n2{X, Pq,vo, Pi, Vi) = (X, Pj,t>j), more precisely, its singularity around 
the subvariety (7r2^i)^"'^(W). 

Recall the we defined in function W on A^^"]2 (sect. |1.4.2|) . Since W gets 



multiplied by a constant under modular transformations, ^ is the pull-back of 
a form over A1g,i2, that we denote (^)i. Let /i be the map from A4g^(n+i)-i'2 to 
Mg,i-2 defined by fi{X, Pq, vq, Pi, Vi) = (X, Pq, vq); we set 



Proposition 1.3. Let U he an open subset of the smooth part of M.g^i^n+iyi'^- 
0-*yV,(ys) /^Qg ^/^g expansion 

^^Y(v\ , k(iimQfdW\ ., , . _ 

(TV = d I — — I idB^ (y ) + regular lorm on U with values 

2« V 1^ /n+i ■ ' (8) 

in End(i3v,(y,))- 

On the other hand, the projectivization o/ (T*V^'*'^''-' is regular on U. 

Proof. A Weierstrass point Pq is called normal if there exists a basis of the 
space of holomorphic differentials on X with valuations at 0, 1, . . . , g — 2, g at Pq 
(see 0). According to |T^, normal Weierstrass points form an open subset of W. 
Therefore it is sufficient to analyze a*V^'^'^''^ around normal Weierstrass points. 

Let X be a fixed curve and let Pq be a normal Weierstrass point on X. The 
restriction of a*V^'^'^'^ to X is then a connection on X with singularities at the 
Weierstrass points. Let us analyze the singularity at Pq. 

Let z be a local coordinate at Pq. Let P be a point of X, close to Pq. Denote 
a'(P)(2;, z') the bidifferential form (|^) computed at point P. We have U(^p){z, z') = 
uj{z,z') + J2a^a{z)dzdaliaQ{gP — z — A). The second term of this sum has a 
simple pole at P = Pq. The value of the connection at the point P is 



= {T.A^)idzr,d/dz), 
which we express as 

^*^lfa:' =d. + ^^{d/du, Y: -a{u)drf \u)) + 0(1), 

a 

where u is the local coordinate z — zp at P. Let us compute the pole at P = Pq 
of {d/du,^^uja{u)dra^\u)). For this, let us change the dual basis (uja), (ri^^) to 
(uP), (r'P), withc^P = u^-^du + ^.^^^bij{P)u9+'du, and r?^ V) = ^^"^ + 0(1). 
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We have then 

{Y,^Mdr^P{u)) = Y,{ujf\u)dr'P{u)) = -gh,,{z). 

a i 

Let us show that 

bg0{z)^— + O{l). 

gz 

Let {(3i) be the basis of the space of holomorphic differentials on X, with expan- 
sions at Pq 

j3^[z) = z'~^dz + XiZ^-^dz + J2 Kjz'^^^^^dz, i = l,--- ,g-l, 

j>0 

(3g{z) = Z<^dZ + XgjZ<^ + ^+^dZ. 

j>0 

Let X — zp. We have 

I) - .■--) (I.) 

with A{x) e M(3_i)x(5-i)(C), A{x) = td + 0{x), X{x) e M(3_i)xi(C), X{x) = 
*(Ai, . . . , A,_i) + 0{x), c{x) e Mi,(,_i)(C), c(a;) = {0{x3), 0{x^)). 
It follows that 

A- ^ 

= A ^/^g + XI 



i = 1, . . . , - 1, aij(x) = 0(1), and 



1 ^" 

i=i 

<^sj(^) = It follows that bgo{x) = ^ + 0(1). 

We therefore find the expansion 

, v,(y.) o k dim gdz . nn\ 

□ 
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2. Green functions and connections on ilx 

2.1. Theta-functions. For r = (rafe)^ 5=1^... a symmetric matrix with negative 
definite real part, and A in let us set 

e(A|T) = ^ exp(^mTm* + mA*). 

Let us denote by 5j the jth canonical basis vector of C^. We have 

e(A + 2i7rSj\T) = e(A|r), e(A + rSjlr) = e-'^^"-'^e{X\T). 

Let Ai^^''^^ the moduh space of systems (X, Aa, Ba) of a complex curve X and of 
a canonical basis {Aa, Ba) of Hi{X, Z). Let m = class of (X, Aa, Bg) be a point of 
the moduli space A^^"'^"*. Let {oiJa)a=i,...,g be the basis of holomorphic differentials 
on X, such that cUb — 2m5ab-i and let T(m) be the matrix of periods defined 
by T{m)ab — In what follows, we will write ©(A|m) or ©(A) instead of 

e(A|r(m)). We also write 9„e(A|m) = |g-(A|m), ajne(A|m) = ^(A|m), etc. 

The degree zero part J^{X) of the Jacobian of X is the quotient C^/L, where L 
is the lattice (2i7rZ)^ + r(m)Z^. The Abel-Jacobi map sends a degree zero divisor 
HiPi to the class of the vector J^J ci;a)a=i,... (this map is independent of 
the choice of a point xq of X). We will identify classes of degree zero divisors 
with their images by the Abel-Jacobi map. 

The vector of Ricmann constants A is then defined as the element A of the 
degree g — 1 part of the Jacobian J^~^{X), such that the identity Q{xi + . . . + 
Xg-i — A) = holds identically, for xi, . . . , Xg-i points of X. 

The function z 1— > Q{gPo — 2; — A) is not identically zero, because Pq is not a 
Weierstrass point of X. We set 

ra{z)^-dalne{gPo-z-A); 

then Ta satisfies valpQ(ra) > —g, and 

railAtZ) = ra{z), rai^B^z) = ra{z) - Sab, 

where 7a„ and 75^ are deck transformations of the universal cover of X, corre- 
sponding to the cycles Aa and Ba- 

Remark 2. In the case where X is an elliptic curve C/{Z + r'Z), r is the 1x1 
matrix equal to 2i7rT'. The vector of Riemann constants is A = (1 -|- t')/2. 

2.2. Green functions. Let a;?"* be the forms such that (uJa, (^i^*)a=i,... ,g,i>i and 
(ra, t')a=i,...,g,i>i are dual bases of and (©aCr„) ® tC[[t]]. Set 
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then G{z, z')z'<^z and G{z, z')z'<^z are the expansions for z' near Pq of the rational 
forms 

G{z, z') = dz In e(/ -z + {g- l)Po - A) - 4 In e{gPo - z - A) 

^aiz) [da lne{z'-z+{g- l)Po - A) - a„ lne{gPo - z - A)] 

(9) 

and 

G{z, z') = dzlnQiz' -z+{g- l)Po - A) - dzlne{gPo - z - A) + J2^a{z)ra{z') 

(10) 

= J2 ^aiz) [-da lne{z'-z+{g-l)Po-A)+da InQigPo - z - A) 

a 

-dalne{gPo-z'-A)]. 

G{z, z')z'^z and G{z, z')z'<^z belong therefore to C{{z)){{z'))dz. We will de- 
note the expansions of G{z, z') and G{z, z') for z' near Pq by G{z, z')zi-^z and 
G{z^ z')z'^z (they are elements of C{{z')){{z))dz). We will use the same conven- 
tion for the functions Gx{z,w). 

For A = {\a)a=i,...,g in C^, let C\ be the line bundle over X, defined by 
T{U,Cx) = {f : U ^ X\fi^A.z) = f{z),fi^B.z) = e^^f{z),a = l,...,g}, 
where U is any open subset of X and U is the preimage of U by the projection 
a:X ^X. 

Let Vtx be the canonical line bundle of X. Wc identify elements of H^{X — 
{Po},Qx ^ j^x) with their Laurent expansions at Pq in C{(t))dt. H^{X,Qx ® J^x) 
is then spanned by a basis (cj°^*)j>i_g, dual to the family (t*)j>i_g of C((t)). 

Gx{z,w) is the twisted Green function defined by 

Gx{z,w) = 

9 



Q{z-w + {g-i)Po-x-A) ^ ae,, 
e(.-^ + (,-i)Po-A)e((,-i)Po-A-A) ^ ax:^^^ - " ^^'-^^f,") 

We have then 

i>l-g 

2.2.1. Behaviour of the Green functions. Let us emphasize the dependence of 
G{z,w),G{z,w) and Gx{z,w) in Pq by writing them Gp^^{z,^v),Gp^Xz,w) and 
Ga,Po(2;, w). Let us summarize the main functional properties for the Green func- 
tions: 

Proposition 2.1. Gpq{z,w) is defined for any Pq; it is regular in z, except for 
simples poles with residues 1 and —1 when z meets w and Pq. It is multivalued 
in w, vanishes for w — Pq, and single-valued in z. 
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Gpf^{z,w) is defined for any Pq which is not a Weierstrass point. It is single- 
valued both in z and w. It has simples poles with residues 1 and —1 when z meets 
w and Pq. As a function of w, it regular except for a simple pole when w meets 
z and a pole at Pq of order g (when Pq is Weierstrass). 

Gx^Po{z,w) is defined for A generic ({g — l)Po — A — A should not lie in the 
theta- divisor). It is multivalued both in z and w. It is a regular form in z, except 
for a simple pole at z = w; it vanishes to order g — 1 when z meets Pq. Also it 
has a pole of order g — 1 when w meets Pq. 

Proof. Let 5 be a nonsingular odd theta-characteristic. Let us set 6 = 0[5] 
(see (0)). We have then 



Gpq{z, w) = dz In 6(2; — w) — dz In 0(z — Pq). 

This proves that Gpq{z,w) is well-defined for any Pq in X. 

Let Qi, • • • , Qg-i be the zeroes (other than Pq) of the holomorphic differential 
with g - 1 zeroes at Pq. Both Q{z-w + {g- 1)Pq - A) and Y.a daQ{{g - l)Po - 
A)uja{z) vanish when z equals Qi, so that Gx^pg{z,w) has no pole when z meets 
some Qi. 

The other points are direct checks. □ 

Remark 3. The functions ra{z) and the form G{z, z') only depend on a choice of 
a basis of a-cycles. When the basis of a-cycles is changed, G{z, z') gets trans- 
formed by the addition of a form in z. On the other hand, recall that we defined 
Lj{z; z') by (§). We have u{z, z') = dz'G{z, z'), because (©aCr^ © tC[[t]]) © CI = 
(©f=iO~* ©tC[[t]]) © CI. It follows that u{z,z') independent of the choice of 
a-cycles (it is "modular invariant"). 

2.3. Connections on Vlx- Let D and D^^^ be the connections defined over ilx 
by the rule 

iDuj){z) = -\imz>^z[G{z, z')u;{z') + G{z' , z)uj{z)] 

and 

iD^'^co)iz) = - hiRz^^z {Gxiz, z')cuiz') + Gxiz', z)ujiz)) . 

Proposition 2.2. 1) If u is a one-form defined on an open subset U of X , on 
which a coordinate zu is fixed, and we set uju{z) = uj{z)/dzu, we have 

Du{z) = uj'jj{z){dzuf (12) 

T.adaQ{{9 - m - A){u;Mz){dZu)' - EaAeiig - m - A)0OaMz) 



Z^uj,{z)dM{g-l)PQ-A) 
Let Rq be a point of X and set 

_ e{RQ- z + {g-l)PQ-A)^ f^f)r^^^ T\r> A^^ 

«^oW = e(.-i?o + (^-i)Po-A) ^>^""^^^^"Q^^^ - - 



-uj{z). 
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The forms orqIz) are well defined and nonzero when Pq is generic, and are all 
proportional. They have no poles and no zeroes except for a zero of order 2{g — 1) 
at Pq and we have, when a^^ is nonzero 

Du = aR,d{—)- (13) 

2) We have 

D^^^uj = Duj- 2[^uJa{z)dalne{-X + {g - l)Po - A)]cu. 

a 

Proof. Let us prove 1). Let us set 

G{z,w) = d,\ne{w - z + {g - l)Po - A). 

Since (G — G){z, z) = 0, we have 

{Du){z) = \im,,^,[G{z, z')uj{z') + G{z', z)uj{z)]. 

(12) is then a consequence of the expansion 

~, . dzu 
G[z,w) = 

Zu - Wu 

1 EaMui^)daei{g - l)Po - A){dZuf - Eg,. ^a^^(^)^a\e(((7 - 1)P - Q - A) 

2 Ea^a(^)9„e(((7-l)Po-A) 

+ o{zu - Wu). 

The fact that the forms q;j?q are proportional follows from the identity (pGl) . 
Let us prove (|l^). This equality is equivalent to 

4 \n{aRQ)u{z) 

_ EaMui^)dae{{g - 1)P0 - A){dzuf - Ea,b ^aM^)dleii9 " 1)^ " A) 

E„o;,(z)9,e((^7-l)Po-A) 

that is 

Qjz -Ro + jg- l)Po - A) _ j:a,tdlMi9 - l)^o - A)u;,u;,{z) 
^ ^e(Po-^+(^7-l)Po-A) j:^dM{g-l)Po-A)ua{z) ' ^^^^ 



Let us show (JT^). As we have seen, its left side is independent of Pq- Let us 
compute the expansion of this left side when Pq tends to z. We find 

[dJnQ{z-Ro + {g-l)PQ-A)]u ^ 



z- Ro 

1 EaM'u{^){dzu?dMi9 - 1)^ - A) + j:a,b^aM^)dlMi9 " 1)^ - A) 

2 Ea^a(^)5„e(((7-l)Po-A) 

+ o{zu - (Po)i/) 
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and 

1 



[4 \ne{Ro-z + {g~l)Po-A)] 



u 



z-R 







1 EaMui^)id^U?daQ{{g - l)Po - A) - Ea,,^aM^)dlMi9 - ^ - A) 

2 Ea'^a(^)9,e((^-l)P0-A) 

+ o{zu - {Ro)u)- 



The limit of the left side of (14) when Pq tends to z is therefore equal to its right 
side. (|14D then follows from the fact that its left side is independent of Pq- 
Let us show 3). Let us set 

G{z, w) = 4 In e{z-w + {g- l)Po - A), 

then we have 

(Ga - G){z,w)\,=^ = Y,^a{z)dalne{-X + {g- l)Po - A) 

a 

E,,,^a^6m^,e(((?-i)Po-A) 

j:^u,{z)dMi9-^)Po-A) ' 
therefore, if we set 

Duo = - \im^'^^{G{z, z')uj{z') + G{z', z)uj{z)), 

we get 

D'-^^uj =buj + 2[- uja{z)da lu e(-A + {g - l)Po - A) (15) 

a 

Ea..^a^^m\e((^-l)P0-A) 

E„^a(;^)4e((^7-i)Po-A) J"^- 



A proof similar to that of Prop. ^.2| , 1) shows that 

bu{z) = uj'u{z){dzuf (16) 

T^adama - 1)P0 - A)M'v{z){dZu? + T.aAm9 " l)Po " ^)^a^b{z) 



ooiz 



ZaM^)da&{{9-l)P0-A) 

3) follows then from (15), (12) and (16). □ 

Remark 4. The proof of Prop. |2.2| , 1) also shows that if Pq is a point of X and 
_ e(z - Po + (^ - l)Po - A) ^ / ^n n^/ 1^D A^^ 

««o(-) = e(Po-z + (,-i)Po-A) (A:^»(^)^-Q((^ - 1)^0 - A)). 

The forms aRg{z) are well-defined and nonzero when Rq is generic, and are all 
proportional. They have no poles and no zeroes except for double zeroes at the 
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points Qi, • • • , Qg-1 and we have, when is nonzero 



Remark 5. Another proof of (|T^ can be found in |TT[, Prop. 
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3. Functional expression of the KZB connection 
In this section, we will assume that = sl2- 

3.1. The modules. Let e, /, h be the Cartan basis of g and \) = Ch, n^. = Ce 
and n_ = C/. Let i be an integer such that i > g — 1- Let us set 

= ([) ® C[[t]]) © (n+ ® t'C[[t]]) © (n_ © t-'C[[t]]) © CiT; 

g^"* is a Lie subalgebra of g. Let x be the character of defined by xi^) = 
xih[l]) = -ik, and x is zero when restricted to t) © tC[[t]] © n+ © t^C[[t]] © n_ © 
t-^C[[t]] (recall that h[l] = (/i©l, 0) under the isomorphism g = g©C((t))©CK). 
Let V-ffc be the induced module Ug C^, and let v be the vector 1 © 1 of 



this module. Y-ek belongs to the class (C) of g-modules defined in sect. |1.4.1 



When /c is a positive integer and i is even, W^ik has a quotient isomorphic to the 
vacuum integrable module of level k. 

Denote by (p-A, V^-a) the lowest weight Verma module over g, freely generated 
by the vector such that p_A(/)(f-A) = and P-a(^)(^-a) = — At>_A- 

In what follows, we will set V = Y-ek and Vs = V-\^, and denote By,{Vs) by 
Bi^(^\.). In the notation of sect. [T^, V is then the g(i?)-module V_^fc © (©jVi^^-*); 
the spaces Be^(\.-) = (V*)^^"^) form a sheaf over AAg^n+i- Moreover, the lift of i3£,(A,) 
to A4g_ioo „.]^2 is endowed with the flat connection V^^-^^^^^ 

3.2. The connection {B^\^),'W^'^^'^). Let M.^f' be the moduli space of genus 
g curves with marked a-cycles and ■M.^g\oo „.i2 be the fibered product M.'f^ ^Mg 

•^g,l°°,ra-l2- 

Let TT*^") be the canonical projection from ■M^g'l^ „.i2 to A^^ „.i2. This projec- 
tion is a local isomorphism. Let (-BJJa.)' '^^'^'^'^'^''^) be the lift of (^^^(a,), V^^-(^')) 

to-Mi:;oo,„.,2. 

For A = {Xa)a=i,...,g & (yf-uplc of complcx uumbcrs, let us denote by g^"* the 
subalgebra of g formed by the Laurent expansions at a point of (T^^(Po) of the 
functions x on X — (T^^(Po)i such that 

recall that and are the deck transformations associated to the a- and 
6-cycles of X. 

Let 0p. be the local ring of X at Pi. Let Qreg at Pi be the extension of the Lie 
algebra g © [C((t)) © (©jOj)] by the Kac-Moody cocycle. There is a unique Lie 
algebra morphism ev from Qreg at p, to g © (©^g), induced by evaluation at points 
Pi. Let us denote by T^Y®(®rV-A-) the representation of Qreg at Pi in V © (©jV"_Aj 
equal to ttv © {®iT^v'l\ )• 

In what follows, we will view g^"* as a Lie subalgebra of Qreg at p,- 
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Let ^{nioc, Pi- Vi) be a flat section of {B(^a),i,{iyi)i V*^"-''^'*^^''') and let (A{)a=i g be 

formal variables. Let us set ipim^, Pi, v,i\\{) = ^(rrioo, Pi, ^i)o7rv^(»,v_Aj(e^" 
Then ipinioo, Pi,Vi\Xl) is a 0°"^ -invariant on V ® (®iV-\,), and is a solution of 

(Aa) 

equations 

a^/^(moo,Pi,'yi|A{) =^(moo,Pi,'yi|A{) o7rv®(^^y_^j(/i[r„]), 

We will therefore define ^^.(Ai) as the sheaf over A^^"]oo ^-r^ whose fibre over 
(moo, Pi, Vi) is the space of maps (p from an open subset of to [V® (^jV^-aJ]*, 
such that for any A in C^, 0(A) is 9^*'*-invariant, and satisfies the differential 
equation 

^A„0(A) = 0(A) o 7rv®(®,y_A.)(/i[ra])- 
We define also a connection V^'^'^*^ over ^^^(a,) by 

V[^}'^*V("^oo, Pi, Vi\Xa) = %]V'(moo, Pi, Vi\Xa) - 1p{m^, Pi, Vi\\a) O T^[C]^°^. 

It is then easy to see that V^'*^^'-* is fiat. A fiat section of (;B£,(a,), V^''-^'-*) therefore 
consists of a function ■0(moo, -Pj, t'ijA) defined on an open subset of A4g,ioo „ .i2, 
such that 

dx,^{moo,Pi,Vi\\) = ip{moc,Pi,Vi\X) o nY^{^.v_j,.){h[ra]) (18) 

and 

%]V'(moo, Pi, Vi\Xa) = 1p{m^, Pi, Vi\Xa) o T^iCfl (19) 

3.3. The functional connection (J?^^ (a^), V^^ (^^0- Set 

i 

Define a sheaf J^£,(a,) over 7W^"]oo ^-i^ follows. The fiber of J^e,{A,) over (moo, -Pj, Vi) 

is the space of all forms f{X\zi, . . . , zn) defined on [/ x (X — (j~^{Po, -Pi})^, where 
[/ is an open subset of with the conditions that f{X\zi, . . . , zn) is a regular 
one-form in each variable Zi, has at most simple poles at the Pi {i ^ 0), satisfies 
the transformation properties 

(7£)7(A|^i, ...,zn)^ f(X\z,, ...,zn), (7g)7(Aki, . . . , ^at) = e-'^^f(X\z,, . 

and is symmetric under permutation of the variables Zi. Here and 7^^ denote 
the action of 7a„ and 75^ on the ith variable Zi. 
For /(moo, Pi, Vi\X, Za) a section of ^^,(Ai), set 

VJ/''*^f{moc,Pi,Vi\X,Zc,) = id[i-]f){moo,Pi,Vi\X,Za) - {K^f){moo,Pi,Vi\X,Za), 

(20) 
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where [C,] is the variation of moduh induced by a formal vector field ^ at Pq, and 

{K^f){m^,Pi,Vi\\,Zo,) = res^=P(,(^(2) {T^{z)f) {nioo, Pi,Vi\\, Za)), 

(21) 

where 

2K[T^{z)f) {moo,Pi,Vi\X,Zoc) = 



\ a a i / 



(22) 
(23) 



a a i 

) 

N 



+ (-4G'2a(2;, 2;q)G(2;„, z) + 2kd^^G2x{z, z^))] f{m^, Pi, Vi\X, z, (z/3)/3^a)- 
Here k = k + 2, 

LU2xiz) = lim,,^,24'[G'2A(^,^') - Giz,z')] - 3Y,M^)draiz). (24) 



Proposition 3.1. (see W^) V defines aflat connection over !Fi(^x.y 

3.4. The correlation functions morphism. For ip{'m^, Pi,Vi\X) a section of 
i?£,(A,), let us set 



N 



[coii{'4))]{moo,PhVi){zi, . . . ,zn\\) = (V^(moo,-Pi,t'i|A),7rv(]^e(zi))(f(g)((g)it;_Aj)), 



i=l 



where e{z) is the generating series X^igz^l^*]^ * 

Proposition 3.2. (see corr defines a morphism of sheaves with connection 
from (;B('^), V^'^)) to (J^p,„, V^''>"). 

Remark 6. In the case where is a positive integer, one may translate the con- 
dition that / is in the image by corr of the subbundle of conformal blocks into 



functional conditions on /, see [|10 



3.5. Properties of ujx{z). The proof of Prop. |3.2| uses the following results, that 
we stated without proof in [|10]. Let us set 

Lux{z) = lim,,^, 24'(G'a(^, z') - Giz, z')). (25) 
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Lemma 3.1. uj\{z) is a quadratic differential on X, regular outside Pq. Its ex- 
pansion at Pq is 

u,{z) = -g{g-l)^-^ + 0{l/z). (26) 

z^ 

Proof. As we have seen, Gx{z,w) and G{z,w) are rational forms defined on 
X X X. The poles of Gx{z, w) are the diagonal and a pole of order g — 1 at w = Pq] 
the poles of G{z, w) are the diagonal and z = Pq [Q{z' — z + [g — l)Po ~" ^) has a 
zero at 2' = Qi, ■ ■ ■ > Qg-ii however, logarithmic derivative with respect to z gives 
no singularity at this point]. Moreover, {G\ — G){z, w) is regular at the diagonal, 
therefore {Gx — G){z,w) has its only singularities at w = Pq and z = Pq. It 
follows that u!\{z) is regular on X — {Pq}- 

Let us prove (^). Since {Gx — G){z,w) has its only singularities at w = Pq and 
z = Pq, the difference of the expansions of Gx{z, w) and G{z, w) (which belong to 
C{{z)){{w))dz) belong to C[[2;, w]] [2;"^, Applying c?^ and setting w = z 

in the latter expansion will therefore give us the expansion at Pq of ujx{z)- 

Let us write 



Gx{z, w)=Y^ <xi^w + E«A - ^r'w- 

i=l—g i>l 

It follows from the identities {u"'^,w^) = 6ij if j > 1 — g and {uj°^^,w^) = 6ij if 
j >1 that 

dz 

<A (^) = ^ + if ^>l-9, Ka - ^r*)(^) = 0{z-') if z>l. 

Therefore, we have 

iGx-G)iz,w)= J2 ;ITt(«^'+ Y1 «*^«^')+ Yl ^^i^'^'- 
It follows that 



z' 







[d^{Gx - GKz, ^)]|_. = ( 5^ 0^ + 0{l/z) = _9i9_Jli^ + o{l/z). 

4 = 1-9 



(ll) follows. □ 

Corollary 3.1. (jJx{,A is a quadratic differential on X, regular outside Pq. Its 
expansion at Pq is 

^a(2) = ^ — + 0(l/z). 

Proof. As we have seen, we can find dual bases {uj'^i=i,...,g and (r9i=i,... of 
®l^-^€ua and ©Li'Cra, with uj[{z) = z'-^dz + 0{z'), and ri{z) = z'^ + 0{z-^-^'^). 
It follows that ELi^adr, = E-=i^a< = (Ef=i + 0{l/z), so 
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a=l 



The Corollary now follows from (|27D and Lemma 



26 
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4. Flat sections of the sheaf V-^^-*^') in the case n = N = 

In this section, we will restrict ourselves to the case n = N = and write JF 
instead of J^i,{Ai)- A section of the sheaf ^ is a function /(moo|A), where moo 
belongs to Alg,ioo and A is a formal variable on C^. 

We have 



a 



and the flatness condition is written as 

%]/(moo|A) = i^z), (Tf (^)/)(moo|A)),. (28) 

Theorem 4.1. Let us set 

S(m,Po\z)^ (29) 

j:a,,,c^a^bU;c(z)dl,M(9 " 1)^ " A) Eg,. ^a^;(^)ga6Q((g " 1)^0 " A) 
j:,Ua{z)dae{{g - l)Po - A) j:aMz)dae{{g - l)Po - A) 

E„,,c^aC^6(^)9^,e((g-l)Po-A) 

ij:a^aiz)dMi9 - m - ' 

■ [Y,u;aU^i>{z)diQ{{g - l)Po - A) -Y,<i^)dae{{9 - l)Po - A)]. 

a,b a 

and S{m, Po\z) = S{m,Po\z) — 3^^Ua{z)dri^°\z). S is a quadratic differential 
on X, regular outside Pq, and with expansion at this point given by 

g{ g + 5) {dz^^ 
2 z- 

There exists a nonzero function a{m, Po,Vo), locally defined on M.g^i'^, homo- 
geneous of degree sis±^ ^^^/i that 

%]Q;(m, Po, vo) = {S{m, Po\z),^{z))^a{m, Po, vo), (30) 

where [^] is the variation of moduli induced by the vector field ^ e C((t))^. 

The space of local flat sections ofV-^ is the space of functions /(moo|A) of the 
form 

f{m^\X)^fim2\X), (31) 

where m2 is the projection ofm^ by the projection Mg^ioo — > M.g^i2, and f{m2\X) 
is of the form 

f{m, Po, vo\X) =e(-2A + {g- l)Po - A\m)-^if{m\KX + A - {g - l)Po) • 

(32) 

k 

■ a{m,Po,Vo)^, 



^(m, Pol.) = ^^^ + 0(1/.). 
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where ip is a function defined locally on M.g x such that 

5sm^{\\m) = --^ V 6Tabdl^xM^\^)^ (33) 

a,b 

where 6m is a variation of moduli and 6Tab is the corresponding variation of 
periods. (Let Eg be the space of Siegel matrices t = {Tab)a,b=i,...,g, that is the 
space of matrices t which are symmetric and with positive imaginary part. (f{m\X) 
may be of the form i^(r(m)|A), where (f is a function on x , solution of the 
equation g^^^{r\X) = ^dl^^^{T\X) .) 

Proof. We first prove: 

Lemma 4.1. Let ^ be a formal vector field defined around Pq. The variation of 
periods induced by ^ is 

6Tab = 2i7i res Pgi^UaUJb). (34) 

Proof. Let /C = C((z)) and O = C[[z]]. Let 6m be the variation of moduh 
induced by ^. The complex structure associated with m + 6m is defined by the 
inclusions of (9 in /C (which plays the role of the local ring of the new structure) 
and Re = {1 + eC^){R) in JC (which is the new ring of regular functions). The 
space of formal differential forms at Pq is Qjc = C{{z))dz, the space of regular 
forms at Pq is = C[[0]](i2;; denote by the space of forms regular outside Pq- 
Then we have fi^ = (1 + eC^)flR, where is the Lie derivative C^{uj) = d^i^uj). 

The deformation of Ua is then 

a;^ = (1 + eC^){uJa) + 6uja, 

with 6ua regular outside Pq and with vanishing Aa-periods, such that eC^{uJa) + 
6uJa is regular at Pq. Since 6uJa has vanishing Aa-periods, we have 6uja = —-^ 6Tabdrb+ 
dr, for some r in P (the Vb are such that VbipfBa^) = '^bi.z) — 211: 6 ab] they are dual 
to the UJa)- Since uj'^ belongs to fio, its pairing with all functions of O vanishes; 
pairing it with the /p^ cUq, we find (^Ij)- '-' 

Let 6 be an odd theta-divisor of X (see e.g. [[TTI ). 
Lemma 4.2. For a = 1, . . . ,g, let Q^i \ . . . , <52g~2 the zeroes of uJa', we have 

Dua{z) = ij2dJnQ{z - Qt^ + 6 - A) - 2{g - l)dJnQ{z - Po + 6 - A)j Uaiz). 

Proof. It follows from Prop. |2.2| that when a^^^ is not identically zero, 

D^a ^ d{uJa/aRo) 

UJa (^a/oiRg 

On the other hand, we have 

~ "^^'^ e(.-Po + 5-A)%-i) ' 
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where c{Ro) is a constant, because both sides are meromorphic functions on 
X with zeroes and poles of the same orders at the same points, and identical 
transformation properties along cycles of X (because of the equality Q-"^ = 2 A 
in j2(f-i)(X)). □ 



Lemma 4.3. We have 

Proof. Since 2 A = Q^'"' , we have 



A 

(<;-l)Po ^ i -/Po 

Now 



because uOa vanishes at each Q^""^ . It follows from the proof of Lemma ^]T] that 

where a ^ Uout is the projection on the second component of the direct sum 
decomposition 'C{{t))dt = K ® t~^C[[t]](it, where K is the space of Laurent ex- 
pansions at Pq of all forms on X, regular outside Pq, with vanishing integrals 
along a-cycles. 
Therefore 

5[£]^a{z) = 4(^t^a)(^) + 4res„=Po {d^\nQ{w - z + {g - l)Po - A)^(w)t^„(w)) . 

By the properties of sheaf cohomology, we may assume that ^ is defined inside 
a loop 7 deforming the standard loop encircling Pq and containing both Pq and 
the Q-"^ We have then 



J{g-l)Po ^ i JPo 

1 /" ' f 

= o / / In 6(2; - w + 5 - A)^(w)u;a(w) 
^ i JPo h 

by the properties of the Green function. Integrating in z, we find 

\ [ [-2{g-l)d^\nQ{w-Po + 6-A) + J2d^n\n<^{w-Qi''^+6-A)]iUaiw)aw). 

By Lemma ^]2|, this is \{DuJa,i). D 
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Lemma 4.4. Recall that uj\{z) = limzi^z'^dz'{Gx{z, z') — G{z, z')). We have 

"A 



{oo2X,0 = V29Jn0(-2A + {g - l)Po - A)(%] / oOa) (35) 

^ 5Ta, g2^e(-2A + (^-l)Po- A) 
^-2z7r 0(-2A + (^-l)Po-A) 

a,b \^ / / 

+ (5(Po,m|z),e), 

with S{m,PQ\z) given by (29). 

Proof. Recall that G(z,w) = dz\aQ{z — w + {g — l)Po — A), and that 
Qi,... ,Qg-i are the zeroes (other than Pq) of '^a^a{z)daQ{{g — l)Po — A). 
We have e{z - w + {g - l)Po - A) = Q{w - z + Y^f^^ Qi - A). There exist 
functions / and g of one variable such that 

e(^ - ^ + (^ - i)Po - A) " ^^^^^^^^ ^^^^ 

(see [|TT|), therefore G{z, w)—G{z, w) is constant in w. It follows that d^jG^z, w) = 
dwG{z, w), so that 

ujx{z) = 2dw[Gx{z,w) - G{z,w)]\uj=z- 

Therefore, 

/- e(2-«)+(g-l)Po-A-A) _ ^ 

\^e{z - w + [g - l)Po - A) ^ 

, , r Ea^ai^ndgQiig - 1)^0 - A) - ' w + jg - l)Po - A)] 

^ '"^ e(z-«; + (^?-l)Po-A) ^J-=^- 

Expanding both terms around w = z, we find 

- Ea<i^)daQii9 - l)Po - 2A - A) + Ea,bM^Hi^)dlMi9 - 1)^0 - 2A - A) 



+ 



e(((7 - l)Po - 2A - A) 

E„^;(;^)9.e(((7 - i)Po - A) + Ea,b^a{zU{z)dlMi9 - m - A) 



Za^a{z)dae{{g-l)Po-A) 

j:^uJaiz)daeiig-l)Po-2X-A) 



e((^-l)Po-2A-A) 



+ S{m, Po\z). 
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It follows from (|13D that 

U2x{z) =S{m, Po\z) + DuJa{z)da 111 e{{g - l)Po - 2A - A) (37) 



a 
^2 



e((,-l)Po-2A-A) ' 
the Lemma now follows from Lemma 14. 31. □ 



Let us prove Thm. |4.1| . (37) and Cor. ^]T] imply the statements on S{m, Po\z). 
is equivalent to 



a,b a 

k 

+ i^{^2\{z),0f{rnoo\\). 
It follows from 

%]e(e|m) = —Y5Tab^l^,Q{e\m) 

a,b 

that if we set 

gMX) = /(moo|A)e(-2A + {g- l)Po - A|m), 
the latter equality is equivalent to 

%^(moo|A) = ^T^V^r^fc^A^A.^l^^oolA) + O-^a^^I^^ooIA) 

5((moo|A) 

+ ^(5^a,029Jne(-2A + {g- l)Po - A|m) + ^('^2A,oj ^?(moo|A). 

It follows from Lemma 4J, that the coefficient of 5'(moo|A) in the right side of 
this equality is equal to 

^(^(m,Po|z),e(^))., 

so that (38) is rewritten as 

%^(moo|A) = V5r„fca^^;,^c/(moo|A) + V(P)^„, 05a„^("^oo|A) 

k 

+ ^{S{m,Po\z),^{z))^g{m^\X). 
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Set then 

h{m^\X') = g{m^\-{\' + (g - l)Po - A)). 

K 

Set A = i(A' + {g- 1)Pq - A). We have 
%/i(moo|A') = %5f(moo|A) 

hi 

a 

Cj t l\ Ih ^ III 

a,b a 

+ - y,(Mi9 - 1)A - A),u;a)dx^gim^\X) + ^{^(z), S{m, Po\z)),g{m^\X), 



Lemma |4.3| imphes that the second and third terms of this expression are opposite. 
(39) is therefore equivalent to 

^ ^ ^ _ 

%/i(moo|A') = — V5r„b9^,y/i(moo|A') + — (^(^),5'(m,Pok))2^("^oo|A')• 
a,b (40) 

Consider the connection over the trivial bundle over A^g,i2 with fiber C[[A']], 
defined by 

vfr = - E ^^'^^^'kk + ^(^' ^))^) ■ 

It follows from Thm. that this connection is flat. Therefore, the connection 
over the trivial bundle over Aig^i^ with fiber C, defined by 

is flat. This implies the existence of a nonzero local solution to (|30|). 

Moreover, since ( ^0]) is separated, its local solutions are exactly the functions 
/i(moo|A') of the form a{m, Po,vo)(p{X'), where a{m, Po,Vq) is a solution of ( PP] ) 
and (p{X') is a solutions to 

^Kl^^^') = 8^5Z^^''^^iA^^(A'). 

a,b 



This ends the proof of Thm. [4.1|. □ 



Remark 7. Conjecture on the form of a{m, Pq,vo) ■ The |-form a{z) is deter- 
mined up to multiplication by a ((? — l)th root of 1, by the identity 



e{gx -y- A) = W{x)E{x, 



a[x)9' 



where W{x) is the Wronskian of the forms {'jJa)a=i,...,gi E{x,y) is the prime 
form relative to the divisor 6 (its is normalized by its behavior at the diagonal 
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E{x,y) ~ (a; — y){dx)^^^'^(dy)~^^'^). We will cmphazise the moduli dependence 
of a{z) by writing it a{m\z) (the functional properties of a mean that it realizes 
the isomorphism of with ©^~^, where © is the theta line bundle over X). 
We expect that the "logarithmic primitives" of the forms S{m, Pq, z) and 

X]a'^aC??'a^°'' will be respectively of the form f [m)a{m\z)~'^^^~^'> and W{m\z)~^, 
where /(m) has the form exp(^^ ^ aabTab). More precisely, we should have 

q{m, Po, i^o) := (/(m)(7(m|Po)"^^^"^\ i^o) and ro(m, Pq, -^o) := (W^(m|Po)"\ ^o) 
are functions on Alp,i2, such that 

% ln^(m, Po, ^^o) = {S{m, Po|-), and % lnro(m, Pq, ^;o) = (^u;„dr^^°\ 

a 

These statements imply that a{m, Pq, vq) has the form 

a{m,P^,v^) = (/(m)^7(m|Po)-'(^-^)W^HPo)^^;o). 

We checked the restrictions of these statements to the submanifold of Mumford 
curves. 
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5. Flat sections of JFf,(Ai) in the case N = 0, n arbitrary 

We assume now that i and the Aj are such that = and n is > 0. We again 
write for the sheaf ^£,(a,)- We have 

{T^{z)f){m^,P„Vi\X) = 



1 

2k 



f{m^,Pi,Vi\X). 



A flat section of the connection V'^ is a function firrioo, Pi, Vi\X) satisfying 

%]/(m^,P„t;i|A) = {Ti{z)f){m^,P„v,\\). (41) 

Let us fix an odd nonsingular theta-characteristic 6. 6 + A is an effective divisor 
of J3-\X). We have S = 2me + re', with £, e' in , and 

e[5](z) = e(z + 5) exp(^eVe'* + (z + 2m£)e'*). (42) 

Let us set O = G is an odd function of z. The divisor of the one- form 

Xla ^5 (this ouc-form is called a Prym form). Let il){z) be a half- 

form such that 

^{Zf = Y,dam)^a{z). (43) 

a 

The prime-form E{z,w) is then defined by 

e(z-w) 



E(z.w] 



ip{z)4'{w) 

The aim of Prop. |5.1j is to integrate the part of T^{z)f which is linear in Aj. 
Proposition 5.1. 1) For Q in X , let us set 

S'{m, Po, Q\z) = -Y, l{uJaUJb){z)^{gPo - Q - A) 

a,b 

+ J2^^9Po-Q- A)[i5^a(^) + uJaiz)Giz, Q)] - ^Giz, Qf - ^DMz, Q)- 

a 

The function S'{m, Po,Q\z) is independent ofQ. We denote it S"(m, Po|z). It is 
a regular quadratic differential on X — {Pq}. It has the expansion at Pg 

S'{m, Po\z) = -g^^^ + 0(l/zpj, (44) 



where zp^ is a local coordinate at Pq. 
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2) There exists a function P{m, Pq,vo) , locally defined on Aig^i^, homogeneous 
of degree —g in vq, satisfying the equation 

%ln/?(m,Po,t^o) = {m,S\m,Po,z)),. (45) 

We will denote by i3{m,Po) the —g-form such that (3{m, Pq.vq) = {P{m,Po),vo)- 
We have then 

% M q^^P^ _^p. _ (EiPo, Pi),vo Vimm, Po), vo)} = ^{^, DM^, Pi))^^^ 
Theorem 5.1. The solutions of ( j^ j are all of the form 



/^(moo, P., ^.|A) = n p" /p py Vo U^EiPo, P.), Vo ® v,y 

~4 V^l^o,^ij^in,^jj / i (47) 



11 I ft^nf 



m,Po),t;o) 



a{m,Po,vo)^ 



\QigPo-P,-A)^ 
<f{m\^X + A-{g- l)Po - Ai(Pi - Po))e(-2A + - l)Po - A)-\ 



where Lp{m\X) is a solution of 



f^At the end of Thm. we indicate how such functions (p can he naturally 

obtained.) 

Before we turn to the proof of Prop. and Thm. we will compute loga- 
rithmic derivatives of functions defined on A^g,i2 (sect. p.!] ). These computations 
will serve to integrate the part of T^{z)f which is quadratic in the Aj: Prop. ^.2| 
will treat the terms in AjA^ and Prop. p.3| will treat the terms in A?. 



5.1. Integration of quadratic terms in the Aj. 
Proposition 5.2. Assume that i ^ j ■ We have 

^[«l^^^P(i^^^iBb^'''°^ ^ (e(^),G'(^,P.).«P,G(;.,P,).«P^,).. 
Proof. We first show: 
Lemma 5.1. 

%( / = ^es,=p,\{iuJa){z)G{z, Pi)^«pJ. 

JPo 
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Proof of Lemma. Jp^ uJa + e%] (/^' cu^) is equal to 

limt^Po / ^a, (48) 



where P[ is the point corresponding to Pj in the curve Spec(i?J = Spec(H-e^)(i?). 
Recall from the proof of Lemma that we have cu^ = (1 + eH^{uJa) + eb\^uja^ 
where b\^ijJa = —[d{C,uJa)]out- Changing (|48|) into an integral over Spec(i?), we find 
that ( 148|) is equal to 

Hm^^P^ / {uja + e6[^]Ua). (49) 



9D is equal to 

Pi rPi 



JPn J(l-e£)(t) 



'Po -^(i-^OW 
therefore the derivative %](/^' i^a) is equal to 



'Pq 

Let us set, for / in /C 



rPr rP^ 

%( / Wa) = limt^pj- / [d{^UJa)]out + {ii^a){t)]. (50) 



^pXf) = lim,^pj- j\df)out + fit)]. 



We find that for / in 0pX/) = -/(P,) and for / in zC[[z]], Mf) = 0. 
Therefore, we have 

0P^(/) = -(G(z,P,),«p^, /(;.)),. (51) 

The Lemma now follows from (|5lD and (0). □ 



^(I^^TTT-^^^^T^^Tt) = (^,7(-,P.,P.)), 



Lemma 5.2. We have 

e(p,-Po)0(P;-Po 

^1 f rP' f) r)2 S a2 S 

7(z,P.,P,) = Yl 7;i^au^b){z) ^(P. - P,) - ^(P. - Po) - ^(P, - Po) 

a,fe=l V *^ *^ 

+ X;^a(^)G(^,P.).«P, (^^(P. - P,) - ^(P. - Po) 

+ J2u;a{z)G{z, P.U^p^ (^{P, - P.) - ^(P, - Po) 



36 B. ENRIQUEZ AND G. FELDER 

Proof. We have 

a,b a (52) 



by virtue of Lemmas [4.1| and |5.1| . In the same way, 

%]e(p,-p,) = (^,i {^aoo,){z)dl,e{n ~ Po) 

l<a,b<g 

+ J2^a{z)[G{z,P,),^^p^ - G{Z,P,),<^P^]^MP^ - Po))- 
a 

The Lemma follows. □ 
Lemma 5.3. We have 

9 ^ 

%]K(Po),t;o) = {a^),-Y, dllnQ{z - Po){uj,uJt,){z)MPo),Vo)),. 

b,c=l 

Proof. (a;a(Po),Uo) + ^d[Q{uJa{Po) , Vq) is equal to (u'^^Pq) , Vq) , in the notation of 
the proof of Lemma [4.1| . Therefore, if we set = uj — ujout, we have 

d[^]{uJa{Po),Vo) = ( {d{^UJa))iniPo),VO )■ 

We have (ci/)j„ = if / belongs to Ra and {df)in = df if f belongs to 2;C[[2;]], 
therefore for / in /C, we have {df)in{u) = {f{t),duG{t,u)u^t)t (the pairing is in 
variable t). Therefore, 

%(t^a(Po),^^o) = {{i{t),UJa{t)duG{t,u)u<^t)t\u=Po,VQ). 



The identity (PBf ) implies that duG{t,u) = dudt\nQ{t — u). The Lemma now 
follows from the equalities duG{t,u) = dudtlnQ(t — u) = — X^bc^bc^^^l^ ~ 

u)uJb(t)uJc{u). □ 

Lemma 5.4. We have 

%(V^(Po)^^;o) = (e,p), 

where 

E {\dlc^m^bUJc){z){uJa{Po).vo) - daeml\ne{z - Po) (cUaUJ,) (z) ^Po) , Vo] 



a,b,c 
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Proof. This follows from (^) , Lemma ^]3| and 

1 

— ( 
2 



b,c 



□ 



Lemma 5.5. We have 



where 

1 



7'(z, Pi, R-) = 7(2, Pi, Pj) + 



a,b,c 



Proof. This follows from Lemmas f).2\ and □ 
Lemma 5.6. 

i{z,P„P,) = Giz,P,)^<<pMz,Pj)z«Pr 

Proof Let us set Yi^, P,, P,) = 7(^, i'^, Pj)-Giz, P.),«p,G'(^, P,).«p,. 7"(^, Pj) 
is equal to 

{ i(^(p. - p,) - ^(p. - Po) - ^(p, - Po)) 

z y y y 

a,o 

+ [^(P. - P.) - '-fiP. - Po)][^(. - P.U<P. - '-f{z - Po)] 
+ i^iP. - p.) - '-fiP. - Po)][^iz - P,).«P. - - Po)] 

- p.u<p. - - Po)f-ii^ - p,u<p. - - Po)] } 



e e e e 

(53) has an obvious analytic prolongation to X, which we still denote 7"(;z, Pi, Pj). 
Let us study its behaviour as a function of Pj. It has no poles at Pj,Po or z. 
Moreover, the rules 

-^{IbAz) -w) = -^{z -w)- 6ac, 
^-(7B.(-2) -Vo) = ^-(-2 -W)- ^ac^{z - w) - b^c^{z - w) + ^aAc 



(53) 
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imply that Pi t— > '~f"{z, Pi, Pj) is univalued on X. It follows that Pi h-* 7"(z, Pi, Pj) 
is a constant map. ^"{2, Pi, Pj) is obviously symmetric in Pj and Pj. Therefore, 
it is constant ClS db function of {Pi,Pj). 

It follows that 7"(2, Pi, Pj) is equal to limp-^pg ^'{2, Pi, Pj). Let us fix a coor- 
dinate at Pq and let e be the coordinate of Pj. We have the expansions 

e(Pj - Po) = e ^ uj,{Po)dMO) + o{e), 

a 

and since 5^^6(0) = 0, 

dlQ{P. - Po) = e^^,(Po)9Le(0) + o(e), 



therefore 



lim 



2 

On the other hand, we have 
48 



and 



e 



e 



2 - P) 



-iP^-P0 



i Ec^c(Po)gLe(o) 

5.6(0) 



^Ea^a(Po)5.e(0) 



0(1), 



^(z - Po) = -e 5^ .;.(Po)9.(^)(. - Po). 



Therefore, 



e 



limp,^Po[^(P. - Pj) - ^(P. - Po)][^{z - P.) 



e 







e 



z - Po)] 



daQ{0) 



T.c^M)d.{^){z - Po) 



EaMPo)dam 

The limit of the two last lines of (53) is zero when Pj tends to Pq. Therefore 
7" (2, Pj, Pj) is equal to 



'^{uJaUJi,){i 



a,b 



i Ec^c{Po)dlMo) 

2 Ea^a(Po)a.e(0) 



+ dae{o) 



Ec^c(W.(^)(z-Po) 



This proves the Lemma. 



Prop. f).2\ now follows from Lemma 5.5 and Lemma 5.6. 



□ 
□ 



Proposition 5.3. Recall that elements of Aig ^oo 12 correspond to quadruples {X, t. Pi, Vi), 
where t is a formal of coordinate at a point Pq of X, Pi is a point of X — {Po} 
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and Vi is a tangent vector at this point. We denote by vo the tangent vector at Pq 
obtained from the coordinate t. Then we have 

% \n{E{P,,Pi)-\vQ(^Vi) = {az),G{z,P,)l^^p),. 

Proof. We first prove 

Lemma 5.7. Let us set 

P^{z) = Y,l9l,M0){u,U,){z)MP.),V,)-^M^^ 



a,b,c 



Then we have 

\2 



%(^(P,)^t;,) = (e,Pi). 
Proof. We have 

%(^(P,)2,i;,) = %{^9„e(0)K(P,),i;,)} 

a 

= 5^(%5ae(0))(a;a(P,),t;,) + 9,9(0)% (u;,(P,), t;,) 

a a 

a b,c a (54) 

We have ^tu, = - [d{iuJa)]out so 

%(u;a(Pj),fj) = -{[d{iuJa)]out,Vi). 

As we have seen, for any / in /C, we have 

{dfUm) = E ^c{P^) {f{z), dl In Q{z - P.),«p,a;,(z)),. 

It follows that 

b,c (55) 



The Lemma now follows from (|55D and (54). □ 
We have then 

% ln(E(Po, P,)-^ vo (g) V,) = % ln(V^(Po)^ Vo) + % ln(V^(P,)', Vi) - 2% In e(Po - P,) 

^^'(V^(Po)^^;o)^^^^^(V^(P.)^^;.)^ 
+ (e, - 5^(a;a^fe)(z)9^,e(P, - Po) - 2 5^ LOa{z)G{z, P^).«pA^{P^ - Po)) (56) 

a,b a 

by virtue of (52) and Lemmas |5.4] and ET, 
We have then 
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Lemma 5.8. We have 



Y^{uj,uJt,){z)dlQ{P, - Po) - 2 5^ uJa{z)G{z, P,),<<pAQ{P, - Po) = G{z, P,] 



a,b 



Proof. It follows from Lemma that y{z, Pi, Pj) = G{z, Pi)z^p^G{z, Pj)z<^Pj- 
Therefore, G{z, Pi)1^p- = limp^^^p. 7'(z, Pi, Pj). The latter expression is equal to 

limp^_P^7(^,P„P,)+ ^^''^ 



{^{Po)\vo) 
Now 

\im.p^^P^-i{z,Pi,Pj) 

= - Y,{^ai^b){z)dl,Q{P, - P,) - 2 ^a{z)G{z, Pi).«pA^{P^ " ^0 



a,b 



+ hmp^^p^ \{u,u:,){zf^{P, - P,) 
+ ^a;,(z)[G(z,PO.«P. - G(^,P,).«p,]^(P. - P, 

a 

It follows from the computations of Lemma p.6| (with Pq replaced by Pj) that the 
latter limit is equal to , ,fp^^2 — r- The Lemma follows. □ 



Prop. ^.3| now follows from (56) and Lemma 5^. □ 



Remark 8 . It is natural that when i ^ the logarithmic primitive of 

G{z, Pi)z<^p.G{z, Pj)z<s:Pj 
has degrees 1 in vq and zero in because G{z, Pi)G{z, Pj) has expansions 

G{z, Pi)G{z, P,) = + 0(l/^pj near z = Pq, 

and 

G{z, Pi)Giz, Pj) = 0(1/ zpj near z = Pk,k = 

zp^ being a local coordinate on X at each P^. For the same reason, the logarithmic 
primitive of G{z, Pi)1^p. has degree 1 both in vq and Wj. □ 
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5.2. Proof of Prop. |5.1| . Let us prove 1). Let us study the behavior of Q i— *• 
S'{m, Po,Q\z). We have clearly 5"(m, Pq? 7Aa(Q)k) = S'{m, Po,Q\z). Moreover, 
it follows from the identities 

^((7Po-7A.(g)-A) = M(^p„_Q_A)+5,„ G{z,^bAQ)) = G{z,Q)+uj,{z) 
and 

^(gPo-lAM)-^) = ^{gPo-Q~A)+6ac^igPo~Q-A)+6,,^{gPo-Q-A)+6acStc 

that we have S"(m, Pq, 7Sa(Q)k) = S'{m, Pq,Q\z). 

The possible poles of Q i— >• S'{m, Po,Q\z) are at Q = z and Q = Pq. Let us 
study the pole ai Q = z. Fix a local coordinate on X. Let us write 

dz — dz 

G(z, w) = h a(z, w)dz, G(z, w) = h a(z, w)dz, 

z — w z — w 

with 

(a - a){z,w) = ^^ujaizyaiw). 

a 

Then if u!{z) = f{z)dz is a one-form, we have 

{Du;){z) = [f'iz)-2a{z,z)f{z)]{dzr, 

therefore 

w) = [-^^-—, - + OmdzY. 

[z — wY z — w 

On the other hand, since 

G{z, wf = + 2^^^ + 0(1)] {dz)\ 

[z — wy z — w 

we find that 

]^D^G{z, w) + ]j^G{z, wf + ^ r„(u;)u;„(2;)G'(z, w) 

a 

has no poles when w tends to z. It follows that Q ^ S'{m, Pq, Q\z) has no pole 
at Q = z. 

On the other hand, the function Q Q{gPo — Q — A) has a zero of order g at 
Pq; the function Q G{z, Q) vanishes at Pj, therefore the pole of function Q 
S'{m, Pq, Q\z) at Pq is of order < g. Since Pq is not a Weierstrass point of X, this 
implies that Q t— > S'{m, Pq,Q\z) is a constant function. This proves the first part 
of 1). The expansion of S'{m, Po\z) near Pq follows from the expansions G{z, Q) = 
-^ + 0(1) and D{f{zp,)dzp,) = [f {zp,) + + O {!)} fizp^dzp,)' near 

Pn. ° 



42 



B. ENRIQUEZ AND G. FELDER 



Let US prove 2). Consider the connection V'^ in the case p = 1, Ai 7^ and set 
A = Ai. Set 

g{moo, Pi,vi\X) = f{m^, Pi, t;i|A)0(m| - 2X + {g - l)Po - A)(^(Po, Pi),vo ® vi) 
e{m\gPo-Pi-Ay-^. 

Then / (moo, Pi, Vi\X) is a flat section of V'^ iff 5^ (moo, -Pi, "^^il-^) obeys the equation 

A 



A(A+2) 



d[(]9{moo,PuVi\X) 



TTK ^ ^ ^ ' ZK K /r-^7^ 

a,6 o (57j 



k - A 

+ (^(-2)5 7^5'(moo, Pq\z) 5"(moo, Pq\z)), 

Let us set now 



5((moo,Pi,?^i|A). 



/i(moo. Pi, Vi\X') = g{m^, Pi, Wi|-[A' + (^-l)Po- A+A(Pi -Po)])a(m, Pq, Vq)' 



_k_ 
' 2k 



Then (57) is equivalent to 



%/i(moo,Pi,fi|A') 



J—JZ^'^abdlx' - -(^, 5"(moo,Pok)), 

a,b 



h{m^,Pi,Vi\X') 
(58 



Consider the connection over the trivial bundle A^g 12, with fibre C[[A']], defined 
by 

A 



— yZ^Tabdl, y (^,5"(moo,Pok)) 

a,b 



This connection is flat. Therefore, the connection over the trivial bundle over 
12 with fiber C, defined by 



A 



d^ + -{^,S'{m^,Po\z)), 



K 



is also flat. The local existence of /5(m, Pq, Vq) follows. (|4^ ) implies that /3(m, Pq, vq) 
is homogeneous in vq of degree —g. 

( ^61) follows then from adding up ( ^Sj ) and 

% HtITZTT^ ^(^(^0, P^), VO ®Vi)} = - J2 li^aUJb)iz)^igPo " P. " A) 



QigPo-P,-A) 

e 



e 



□ 



SOLUTIONS OF THE KZB EQUATIONS IN GENUS GREATER THAN ONE 43 



5.3. Proof of Thm. 5.1. Let us set 



/'(moo, Pi, fi I A) = f{m^,Pi,Vi\\) Yl 



i<j 



-(^(Po, Pi),Vo ® v,){[3{m, Po),Vo)}-. 



Then it follows from Props. |5.3| and (^) that (^) is equivalent to 



2Kd[i:]f'{moo,Pi,Vi\X) 



+ - ^ A,(D(2A) _ D,)G{z,P,) + ku,,{z) 



(59) 



f'{moo,Pi,Vi\X). 



Let us set now 

g{m^, Pi, Vi\X) = 0(m| - 2A + (^ - l)Po - A)/'(moo, Pi, Vi\X), 
then (59) is equivalent to 

%5'("^oo. Pi, Vi\X) = — ^ 5r„5a^^;^^5((moo, Pi, Vi\X) + ^ S^iDuja, 0<9a„5'("^oo, P», 



a, 6 



+ — (C(^), S'(moo, Po\z))zg{m^, Pi, Vi\X) 

v-A, 9A,((7(moo,Pi,.;,|A)e(-2A+(^-l)Po-A)-i) 

— / ^ \K\Z},UJa{Z}(j{Z,l:^i})z 



e(-2A + ((7-l)Po-A)-i 



A, 



V -(^(z), (Df A) _ P,)),(7(moo, P., v,\X). 



It follows from Prop. |2.2| , 2) that this equation is equivalent to 

d[^]g{moo,Pi,Vi\X) = (61) 



k 



+ — {^{z),S{m^,Po\z)), 



2k 

g{moo,Pi,Vi\X). 
Let us set 

h{mo^,P„Vi\X')=g{moo,Pi,Vi\-[X'+{g-l)Po + A + y^Ai{P,-Po)]). 
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Then it follows from Lemmas and ^TTI that (61) is equivalent to 



d[^]h{moo,Pi,Vi\X) 
Let us set now 



K 



k 



a,b 



h{moo,Pi,Vi\X). 

(62) 



~ A; 

h{m^,Pi,Vi\X') = h{m^, Pi,Vi\X')a{m, Po,Vo)~^ , 
then (|62D is equivalent to 

%/i'(moo,Pj,fi|A) = ^^6Tabdl^Xth'{m^,Pi,Vi\X). 



a,b 



Thm. B.ll follows. 



□ 
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6. Flat sections of J£_(a.) in the general case 

6.1. Integral formulas for flat sections of Be^(^\.y Let V be an arbitrary 
highest weight module of level k over q. Let (Aj)j=i^...^„ be weights of g = sl2 
and let p be an integer > 0. Let {nioo, Pi,Vi,tj,Wj) i— ^ ip^rrioo, Pi,Vi,tj,Wj) be a 
fiat section of the connection (i3£,(A.),_2,... -2, V^^'*"^*' ■-^) (—2 repeated p times) 
over A^g,i°o,(n+p) i2- Recall that the fiber of Be^(^\.)-2,...-2 at {nioo, Pi,Vi,tj,Wj) is 
given by 

where the action of q{R) is dual to vry ® (®j7r|/'| ) ® (®j7r||'2). Here denote 
the fundamental weight of £[2. Since the Casimir element of q acts by zero on 
V2ro, 'ipi'iTT'oo, Pi,Vi,tj,Wj) is actually independent on the tangent vector wj at tj. 
We therefore denote it simply ip^nioo, Pi,Vi,tj). We have 

diQi){moo,Pi,Vi,tj) = ip{m^,Pi,Vi,tj) oT^[^](°). (63) 

If p is a rational function on X, regular at points Pi, we will identify it with its 
image in C((t)) © (©jOj). In particular, for t a point of X — {Pq, P^}, z i-^ Git, z) 
is a rational function in z, regular on X — {PQ,t}, which we will denote G{t, ■), 
and identify with its image in C((t)) © (©jOj). Therefore f[G{t,-)] belongs to 

Qreg at P, (see SCCt. |3^ ). 

For {niao, Pi,Vi,tj) in M.g^i^^n-i'^,p aiid m in V (8> (©"=iV"_a.), let us set 




%l){moo. Pi, Vi, tj) is a function on A^g,ioo „.i2 p, with values in (V (©r=i^-Aj)*- 

Proposition 6.1. There exists a function ^{771 00, Pi, Vi,tj) of M.g ioc ^.12 p with 
values in \q{R) V © (©iV_Aj]*, such that we have for x in g{R) and u in 

V©(©iVlAj, 

(V^(moo,Pi,fi,tj))^v®(®,V'_A.)(^)(")) = dt{{v{m^,Pi,Vi,tj),x ®u)), 

(64) 

where dt denotes the partial differential with respect to variables tj . Moreover, we 
have 

diQ'ilj{moo,Pi,Vi,tj) ='ii){moo,Pi,Vi,tj)oTcj[Cl^^^ (65) 
foritnCml-f 

2) Assume that for (moo, -Pi) fixed, the function defined by (ti) {ipinioo. Pi, Vi, tj 
extends to the complement of diagonals of {X — {Pq, Pi}y to a function with mon- 
odromy properties dependent on (moo, Pi), in other words, to the section of a bun- 
dle Cirrioo, Pi)- Then if C belongs to Hp{{X — {Pq, Pi})^ — diagonals, £(moo. Pi)), 
(moo. Pi, Vi) ^ Jq ^"("^00, Pi, Vi, tj) is a fiat section of the connection {B£^(^Ai), V^'-'-'^i'' 
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Proof. Let us prove (|64D. Define u^nioo, Pi,Vi,tj) as follows: for x in (C/ © 
Ch) (8) i?, (i^(moo, -Pj, Wj, tj), X (8> u) = 0; for a; = e[r], r G R, 

{u{moo,Pi,Vi,tj),x (g) u) 

V 

= -n'^r{tj){ij{m^,Pi,Vi,tj), { JJ vrv«(®,.y_A^.)(/['5(V, ■)])(«)} ® vf^). 

Then we have, for x = f[r], r & R, 
(ip (moo ,Pi,Vi,tj), vrv0(0,y_ A, ) (2^) (^) ) 

= (^/'(moo,Pi,t'i,tjO,{n^v®(®,y_A,)(/[G(tj,0])7rv®(®,y_Aj(/M)H 

= {ij{m^,Pi,Vi,tj), {vrv®(®,y_Aj(/M) n^v®(®,y_A^)(/[G'(tj, ■)])(«)} ® ^?^) 

j 

because f[r] commutes with all f[g], g in C((t)) © (©jOp.). Then 

i 

= - J2(^im^,P,,v,,t,), {n^v^(«.v_A.)(/[G(V, © vrv,„(/[r])(^-)< 

i i' 

by the g(i?)-invariance of ipi'i^^oo, Pi,Vi,tj). Since we have f[P]v2-aj = for all 
j > 0, each term is the right side of this equality vanishes. Therefore 

is zero. Therefore (Q) is satisfied for x = f[r]. 
For X = h[r], r G -R, we have 

(V^(moo, Pi, Vi, tj), vrv0(c>5,y_Aj 

= (?/'(moo,Pi,Wi,tj),{]^vrv®(®,y_A,)(/['5(ti,0])7rv®(®iy_A,)(^M)(^)} ® ^1^) 

= {ij{m^,Pi,Vi,tj), {vrv®(®,y.A,)(^M) n^v®(®»^-Aj(/['5(ti, ■)])(«)} 

i 

+ 2 ^(V^(moo, Pi,Vi,tj), {vrv®(®,y_A^)(/[rG'(tj, ■)]) JJ ^v®(®.y_A,)(/['5(V, ■)])(«)} ® 
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Since ip{moo, Pi,Vi,tj) is g(_R)-invariant, 

{ij{moc,Pi,Vi,tj), {7rv®(®,y_A^)(/i[r]) Jj7rv^(^,y_^j(/[G'(tj, ■)]){u)} ® vf^) (67) 



= -Yl r{tj>){'^{m^, Pi, Vi, tj), {vrv®(®,y_Aj(/iM) JJ vrv^(0,v'_Aj(/[G'(^i, ■)])(«)} ® h^^'^vf^) 
f j 

= -2 ^ r(tjv) (^(rrioo, Pi, Wi, tj), {vrv®(®,y_Aj(/i[r]) JJ vrv55(®,y_Aj(/[G(tj, ■)])(«)} ® ^1^) 
j' j 

because hv2zu = 2f2ro. 

On the other hand, we have for any m' in V ((8>jV_A-) and t in X — {Pq, Pi}, 

{ipiPoo, Pi, v^, tj), {TTY^((s,v^f,^){f[rG{t, ■)])u} ® vf^) (68) 
= r{t){il){p^, P„ Vi, tj), {vrvj5(^^.y_A^,)(/[G'(t, ■)])u'} ® vf^); 
indeed, the difference of both sides of (68) is 

(^(Poo, Pi, Vi, tj), {vrv55(^^.y_^^,)(/[(r - r{t))G{t, ■)])u'} ® vf^); 
since (r — r(t))G(t, ■) belongs to R, this difference is equal to 

- - •)](V)(^(Poo, p., t;., tj),u' ® /(^-^l^), 

i' 

which is zero because fv2-oj = 0. (67) and (68) imply that the right side of (66) 
vanishes, therefore 

ij{m^,Pi,Vi,tj),TTY<2i(<S),V.Ai)i^)i'^)) = 

for X = h[r]. So ( |6^ is satisfied for x = h[r]. 
Let us assume that x = e[r]. We have 

(V'(moo,Pi,t^i,tj),vrvcg(c3^y_^^)(x)(M)) (69) 

= {ij{moo,Pi,Vi,tj), {Yl7^Y(^{^.v.A,){f[G{tj, ■)])7rv®(®,y_Aj(e[r])(M)} ® vf^) 

j 

= {ip{m^,Pi,Vi,tj), {7rv®(®,y_Aj(e[r]) Jj7rv^(^^V'_Aj(/['5(tj, ODH) ® ^1^) 

- ^{ij{'moo,PuVi,tj),{\\_T^Y®(^^,V.K,)U[G{tj>,-)])[^^^^ 
j j'<j 

n v^v«(0,y-A,)(/[G(t,', ■)])(«)} ® O- 

j'>i 

The first term of the right side of (69) is equal to 

-J2^it,){^Pim^,P,,v,,t,),{]JnY^^^^y_,^)if[Git,,-^^^^^^ 
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On the other hand, we have 



i=i j'<j 

n ^v^(^>^-A.)(/[^(v, •)]) w) ® vfi) 
j'>j 

= ^(V'(moo, Pi, Vi, tj), UY^{^iV.A^){h[rG{tj, •)]) n ^v®(®iy_A,)(/[G'(V> ODl^*)} O 
+ 2 ^{ip{m^, Pi, Vi, tj), {7rv®(®,y_A.)(/[rG'(ij, ■)G{tj>, •)]) 

n ^v^(^>^-A.)(/[^(V', •)]) w} ® ^2^^), 



which is equal to 



p 

J]]r(tj)(V^(moo,Pi,'yi,ti), UY^{^iV.A,)ih[G{tj, •)]) H ^v®(®iV_A,)(/[<5(V, •)])(«)} ^ ^ll) 
-2E(EKV)-^(i.)]G(i,.V)) 

3=1 \j'=l / 

ii^imoo, Pi, Vi, tj), { W 7rv^(®,y_A,)(/[G'(V', ODNI ® '^2^) 



by the identities rG(tj, ■) G r{tj)G{tj, ■)+R, rG{tj, ■)G{ty, ■) e r{tf)G{tj,tj>)G{tj>, ■)+ 
r{tj)G{tj', tj)G{tj, •) + R, and invariance of ■0(moo, Pi, Vi, tj). Here for / = j, we 
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have [r{tj>) — r{tj)]G{tj,tji) = —dr{tj). Therefore 
p 

^{ij{moo,Pi,Vi,tj), { JJ 7rv55(55^v'„A,)(/[G'(V, •)])^v®(®,y_Aj(^[^G'(tj, ■)]) 
i=i j'<j 

j'>j 

p 

= r{tj){^{moo, Pi, Vi, tj), {TTycs(^^v.A,){h[G{tj, ■)]) JJ 7^v®(®,y_A^)(/[G'(V, •)]) W} ® vf^) 

+ 2 ^ dr{tj){ip{m^, Pi, Vi, tj), { JJ vrv®(®,y_Aj(/[G'(ij', ■)])(«)} ® ^'l^) 
+ 2 ^ r(t,)G'(t„ t,0(^(m„o, P^, v„ t,), { J] 7rv«(^,y_^j(/[G'(V,, .)])(n)} ® 
It follows that we have 

= -(A; + 2) ^rfr(t,)(V^(P.,t^.,t,), H v^V0(0,y_Aj(/[G(V, ■)])(«)} ® 

- E'^(^^-)(^(^-' ^-^-^.), {n^^^(«»v'_Aj(/[G(t„ ■)])(«)} ® e(^-)t;2t) 

p 

- Yl ^^^i^ (V^("^oo, Pi, Vi, tj), {'rtY<^{®iV_A,){h[G{tj, ■)]) 

- 2^r{tj)G{tj,tj:){ilj{m^, Pi,Vi,tj), {Y[ 7rv®(®,y_A^)(/[G'(tj/,, ■)])(«)} ® ^^f^). 
To prove (0), it suffices therefore to show that for any j, we have 

- Kdt^ I (V'(moo, P^, Vi, t,), {JI ^v®(0,y_A,,)(/[G'(t,v, .)])(^/)} ® vf^) J (70) 

= -{i;im^,Pi,v„tj), {n^v«(«.v_A,)(/[G(t„ ■)])(«)} ® e(^'^^2''^) 

i 

- (V^(moo,Pi, {vrv®(®,y_Aj(/i[<5'(tj, ■)]) H ^v®(®,y_A^)(/[G(V, ■)])(«)} ® t^f^) 

- 2 ^G(tj, V)(V^(moo, Pi,t;i, tj), { n ^v®(®,y_A,)(/[^(V'> ■)])(«)} 
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Recall that ip satisfies (|63|) . Let in this equation, ,^ be a vector field on X, 
regular outside Pq and vanishing to second order at the Pj and t/, j' 7^ ]■ Let 
(r"*) and (cu"*) be bases of R{Ps,tj,,j'^j) and VL(^p^^t.,ji^j), and let (rf) and {uj'D be 
such that {r"\r'l) and are dual bases of C((t)) and C{{t))dt (see the 

proof of Lemma |T1]). Let us set T'[^] = ^^{x''[^uj"']x''[r'/] + x°[r"^]x"[Cu;f]). 
Since ^ is regular outside Pq, T'[^] = T^[^] (see the proof of Lemma |1.4|) . Then 
the invariance of ip{moo, Pi,Vi, tj) imphes that 

V'(moo, Pi, v„ t,) o T'[e](°) = V ^ o a;'^[rf](°)x"[ea;"'](^=) + o a;"[ea;f](°)x"[r"*](^=) 

i,s',a 

where we set ip = i^i^cxi, Pi,Vi,tj). All contributions associated to the Pg or to 
the tj/,j' 7^ j, are zero. Therefore 

ij{m^,P,,Vi,t,)oT'[^]^''^ 

Let us set r(2;, w)^^^ = X^i ^^"''(-2)'""('U^)- r(2;, ty)^^^ is the expansion of a rational 
form r(2;, w). The function ^(tj)T{tj, ■)— ^(■)r(-, Pj) vanishes at all and tj/,j' 7^ 
j. It follows that 

i,a 

= ° vrv^(0,y-A,)0(«,v.^-)(^"[^(^^-)r(t„ ■) - e(-)r(-, 

Now we have 

2e(t,)G(t,, ■) - {e(t,)r(t„ ■) - e(-)r(-, P,)} G R; 

let us denote by 6 the value at t-,- of this difference. It follows that 
- ^ ° vrv«(^.v..j®(^,,^,y..){(x"[e(t,)r(t„ ■) - e(-)r(-, 
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Since the Casimir element of g vanishes on V2ro, this imphes that that for any u' 
in V ® (®il^_A.) , we have 

- ndtj {{i^irrioo, Pi, Vi, tj), u' ® vf^)) 

= -{ipim^, Pi,v„tj), {vrv®(®,y_A^)(/[G'(tj, ■)]){u')} ® e'-^^vfl) 

- {ip{m^, Pi,Vi,tj), {7rY(^(^(^^v.A,)iHG{tj, ■)]){u')} ® vf^) 
-2J2 G{tj, tj:){iP{m^, Pi, Vi, t^),u' ® v^l). 

(70) follows. As we have seen, this implies ( |6^ in the case x = e[r] and therefore 
ends the proof of (|6^). 

Let us now prove ([651). Since G{tj, ■) is a holomorphic differential in tj, {tj)j i— > 
{ipinioo. Pi, Vi, tj),u) is a section of if°((X{Po! -Pj})^— diagonals, VL^°^®C{m^, Pq, Pi)), 
so that ipi^oo. Pi, Vi, tj) makes sense. We have for u in V® ((8>j\/^_A.) and = 0, 

= (^[(1 + e^R C C((t)), XP. o (1 - eO, Xt, o (1 - e^], 
HK ® (®.vr^_.^ o (1 - eO)](/[(l + eOG{t,, ■)]){u ® <)) 

i 

-{m^m)).xp..xt^,\{[iTy®{®^iry_,^)]{fm^^ 

i 

because (1 + e^)G{tj, ■) is a function on Spec((l + e^){R)) with a simple pole at 
the image of tj. (Q) implies that this is equal to zero. 

Let us prove 2). The formula for i/(moo, Pi, Vi, tj) shows that for x and u fixed, 
{virrioo, Pi,Vi,tj),x ® u) is a section of C{moo, Pi), so that j^ipirrioo, Pi,Vi,tj) is 
g(i?)-invariant. It follows then from ( |64D that it is a flat section of V'^*'''^«'. □ 

Proposition 6.2. Assume that tplnioo. Pi, Vi,tj\X) isaflatsectionof{Be,{Ai),-2,...,-2, 
y^,(Ai),-2,... ,-2-j repeated p times); this means that it is a q'^^ -invariant form 
on V® {®iV-Ai) ®V^, defined on an open subset o/ A^^^ioo „.i2 p.i x , and is a 
solution of ^T3^), i^T^)- Assume also that for {moo. Pi) fixed, there exists a bundle 
Cirrioo, Pi) over {X—{Pq, Pj})^— diagonals such that (tj) {ipirrioo. Pi, Vi, tj\X),u) 
is a section of C{moo, Pi) ® ^^2\> /'^'^ ^''^V u inY ® (®jVl.A-) ® . Let us define 
ijj{moo,Pi,Vi,tj\X) by 

(4}{m^,Pi,Vi,tj\X),u) = {tp{m^,Pi,Vi,tj\X), ^JJ 7Tv®(®,y_Aj(/[G'2A(ti, ■)])«^ ®^^|^) 
for u inY ® (®iV^_Aj 
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Then if C belongs to Hp{{X — {Pq, Pi}y — diagonals, £(moo, Pi)), set 
Ic{m^,Pi,Vi\\) = / V^(moo,-Pj,fi,tj|A). 



Jc 

Then Icirrioo, Pi,Vi\\) is a q"^^ -invariant form on W ^ {^iV-Ai), defined on an 
open subset 0/ A^^^ioo „.i2 x , satisfying equations (|7^ and ^T^), that is a fiat 
section o/(^,,(A,),V^'(^»)). 

The proof is similar to that of Prop. |6.1| . 

Remark 9. It seems that the generalization of Props. and p.2| to a general Lie 
algebra g requires using the Wakimoto modules, see [jl2|. 

Remark 10. In the elliptic case g = 1, the cycles C are constructed in ||l^. In 
that case, ip satisfies theta-like conditions around the a- and 6-cycle. The cycles C 
consist of points running on 8-shaped contours and correspond to singular vectors 
in products of Verma and adjoint modules for the quantum group f/gSl2, q = e"^. 

6.2. Flat sections of JF^ (a-). 

6.2.1. The operators $(Ai)(u'i, . . . ,Wp\zi, ... ,Zp). For z in X, define h{z) as the 
operator acting on functions defined on by 

(M^)vI/)(A) = X^c..(;.)9,„vl/(A). 

a=l 

If {wi)i=i^,,,^p and (2:1)1=1,... ,p are 2p points of X, and (Aj)j=i,... ,g are complex num- 
bers, define inductively ^(^\-){wi, . . . , Wp\zi, ... , ^p) as the following operator act- 
ing on functions defined on C^: for p = 0, $(Aj) = id, and 

p ^ 
$(A^)(wi,... ,Wp\zi,... ,Zp) = ^{-G2x{wi, Zi)^^^^,[h{zi) -^AjG{zi,Pj)p^^^^] 

i=i j=i 

+ kdz,G2x{wi,Zi)^^^yj^} o ^(^A,){ui2, ■ ■ ■ ,Wp\zi, ... ,Zi,... , Zp) 

One can show by induction on p that the operator $(Ai)(wi, . . . , Wp\zi, ... ,Zp) 
is symmetric in both groups of variables (-2^)^=1,... ,p and (u'j)j=i,... The operators 
h{z) and $(Ai)(wi, . . . , Wp\zi, ... ,Zp) enjoy the following properties. 

Lemma 6.1. Let ipx be a family of q°^^ -invariant forms on V ® (®jV^_Aj, such 
that 

dx^ipx = ipxo vrv®(®,v'_Aj(^K])- 

Then 

{iIjx,MHz)){v ® {®iV^Aj)) = hi{z) -J2AiG{z,Pi)p^^A ((^A,f ® (®ifAj)). 
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We have also 

p p 

= $(A,)(wi, . . . ,Wp\zi, . . . ,Zp){{^x,v'S) ((g)it;_Aj)). 
Proof. See |TD|. □ 



If g{wi, ... ,Wp\X) is an analytic function of an open subset of x C^, define 
<l>(A^)(wi, . . . , Wp\zi, ... , Zp)ang{wi, ... ,Wp\X) the sauie way as $(a^) is defined, 
replacing the G2\{z,w)z<^w by their meromorphic prolongations. 

Proposition 6.3. Let us assume that in Prop. \6. 4 p = N = ^[ki + Aj]. Let 
{Ic'4')i^oo, Pi,Vi\X) be the flat section of B^'^^^^ constructed in that Proposition. 
Its image by the map corr of sect, \3.di is given by 

[cOYY{Ici^)]{moo,Pi,Vi){zi, . . . ,Zn\X)= (71) 
'^>Ai,...,A„ -2,... -2(^1 • • • ,tN\zi,... , ZN)an{c01CT{lp){m^, Pi,Vi,ti, . . . ,tAr|A)}, 



C 



where coYT{ip){moo, Pi,Vi,ti, . . . ,tN\X) is expressed by the right side of (47), with 
{Pi)i=i,...,n and (Ai)i=i,„,,n replaced by (Pi,... ,P„,ti,... ,tAr) and (Ai,... ,A„, 
—2, . . . , —2) (—2 repeated N times). 

Proof. For pi, . . . , Pp in C((t)), we will set 

*(A.)[Pl.--- ,Pp]{Zl,--- ,Zp) 

= res^„l=P(, ■ ■ ■TeSwp=Po[^{A,){wi, . . . ,Wp\zi, ... , Zp)pi{wi) ■ ■ ■ pp{wp)]. 
The second identity of Lemma [Ol then implies that the image of {Icip){moc,, Pi, Vi\X) 



by the map corr of sect. 2]3| is given by 

[corr (Jc^)] (moo, Pu Vi)izi, . . . , zn\X) = 

/ *^'Ai,...,A„ -2,...,-2[G'2a(^1, • • ■ > G'2A(iAr, •)] (^1; • 

Jc 

{coil {i)){moc, Pi, Vi,ti, . . . ,tN\X)}. 
It follows then from 

G2x{t',z)G2x{t,t') = G2xit,z) 



Zn) 



' t' around Po,z 

that this expression is equal to (71). □ 



Theorem 6.1. For any (.p{m\X) satisfying the heat equation 



a,b 
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(we indicate at the end of Thm. \^.]\ how such functions (p may be naturally ob- 
tained), define fy:,{moo, Pi, Vi,ti, .. . ,tj^\X) as the right side of (47), with {Pi)i=i^,,, 
and (Ai)i=i,...,„ replaced by (Pi,... ,P„,-2, ... ,-2) and {Ai,... ,A„,-2, ... ,-2) 
(—2 repeated N times). 
For any cycle C in Hp{{X — {Pq, Pi}y — diagonals, £(moo. Pi)), set 

fcA'^oo,Pi,Vi){zi,... ,Zn\\) = 
/ ^Ai,...,A„,-2,...,-2(''^l, • • • ,tN\Zl,--- , ZN)an{f<fi{fnoo, Pi,Vi,ti, . . . ,itAr|A)}. 

Jc 

Then {moo,Pi,Vi) ^^ fc,ip{moo, Pi,Vi) defines aflat section of {T^a,),"^^"'^^'^) ■ 
Proof. Let 0i_g be the subalgebra of g equal to 

= (f^ ® C[[t]]) © (n_ ® t^-'C[[t]]) © CK. 



iO- 



Let X be the character of defined by xi^) = x{f[t^]) = 0, xiH^^]) = 
Let W be the induced g-module W = Ug ^ugi-g ^x- 

Assume that A is generic. In ||T^, we identified the functional connection 
{^i,{Ai)i V'^*'('^i') with the version of the connection {Bi^(\^), V^'^'^'-') in which V is 
replaced by W. 

It is clear that Prop. BTT holds when V is replaced by W. This implies the 
Theorem. □ 



Remark 11. One can define operators $Ai,p(-2^i, • • • )Zq\wi,... ,Wg) generalizing 
the $Ai(-2i, • • • ,Zp\wi, . . . ,Wp), such that 

Zj) [v © (©it;_Aj]) 
\j=i j=i J 

= "^A.A^l,--- ,Zg\Wi,... ,Wg){{ipx,T^Y i n ^(^i) ) b ® (®»^-A.)])} 



Using these operators, it is then easy to generalize Prop. ^]3]to the case p ^ N. 
This also provides integral formulas, expressing flat sections of ^£,(Aj) in terms of 
fiat sections of J^i,{Ai)-2,... -2 (—2 repeated p times). However, it is not clear that 
the family of fiat sections obtained in this way from the fiat sections with = 



is more general than that of Thm. 3.1 



Remark 12. Integrability conditions. As we explained in Remark |^, it should be 
possible, by imposing functional conditions on fc,<p{nT'oo, Pi,Vi)(yZi, . . . ,2;Ar|A), to 
find the conditions on (p and C for this function to be a correlation function 
of conformal blocks. One probably finds this way that if is a theta-function, 
satisfying some vanishing conditions. 
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6.2.2. Explicit formula in the case g = 2, k = 1, N = 1. In this simple case, we 
find the formula 

/(m, Po, ^^o)(^|A) = a(m, Pq, ^^o)'/'(/?K Pq), t^o)"' • 

■ / [-G2xit, ^)( V C0aiz)dxj + d,G2xit, z)]{ipim\3\ + A + Pq - 2t)e(m| - 2A + Pq - A)-' 
Jtec 

e(m|2Po-t- A)2/3}, 
where is a solution of (|33|). 
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